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Convex functions q q .
Algebraic properties of convex functions

Topological properties of convex functions

Convex functions
Algebraic properties of convex functions
Let (X, - ||) be a normed space, (X*,|| - ||«) its topological dual space and the
duality pairing on X* x X, (-,) : X* x X — R, (z*,z) = z*(x).

Convex function

A function f : X — R := R U {£o0} is said to be convex, if

FO@+ (1= Nw) < M) + (1 - N f(@y) Yo,y € X YA€ [0,1].

» Conventions: (+00) + (—00) = 400, 0(400) = +00,0(—00) = 0.
» The effective domain of the function f: X — R is the set
dom f :={x € X : f(z) < +oo}. If f is convex, then dom f is a convex set.

» A function f: X — R is said to be proper if f(z) > —oco Vz € X and dom f # 0.
Some examples of convex functions

» The norm || - || : X — R is a convex function.
» The indicator function of a set S C X is defined as

0, ifzes,

ds: X = R,ds5(x) = { 400, otherwise.

The function §g is convex if and only if S is a convex set.
» When A € R™*™ is a symmetric matrix, then f : R® — R, f(z) = 2T Az, is convex
if and only if A is positive semidefinite.

v
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Convex functions

Algebraic properties of convex functions

» The epigraph of a function f: X — R is the set
epi f ={(z,r) € X xR: f(z) <r}.

opif

» The function f is convex if and only if the set epi f is convex.

opif
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Convex functions q q .
Algebraic properties of convex functions

Topological properties of convex functions

Level set

If f: X — R is a convex function, then for each X € R its upper level set
{z€X:f(z) <A}

is convex. However, the opposite statement is not true. A counterexample in this sense

is provided by the function f: R — R, f(z) = «°.

v

Sublinear function

A function f: X — R is said to be sublinear, if it is:
» positively homogeneous: f(0) =0 and f(Az) = Af(z) VA >0 Vz € X;
» subadditive: f(z +vy) < f(z) + f(y) Vz,y € X.

» A function is sublinear if and only if it is positively homogeneous and convex.
» A function f: X — R is sublinear if and only if epi f is a convex cone with
(0,—-1) ¢ epi f.

Composition with an affine mapping

When (Y, || - ||) is another normed space, the operator T': X — Y is said to be affine, if
Tz + (1= A)y) = A\T(z) + (1 — M)T(y) Yo,y € X YA € R.

When f:Y — R is convex and T : X — Y is affine, then foT : X — R is convex.
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Convex functions

roperties of convex functions

| properties of convex functions

Pointwise supremum

The pointwise supremum of a family of convex functions f; : X — R,
sup;er fi : X = R,sup;cr fi(x) = sup{fi(z) : i € I},
is convex. Notice that epi (supiej fi) = niel epi f;.

Infimal value function

When @ : X x Y — R is convex, then its infimal value function
h:Y = R, h(y) = inf{®(z,y) : € X},

is convex, too.

Infimal convolution

The infimal convolution of two functions f,g : X — R is defined as
fOg: X = R, (fOg)(z) = inf{f(z —y) +g(y) : y € X}.
One has epi(fOg) = epi f + epig. When f and g are convex, then fOg is convex, too.

y

Example (distance function)

When S C X is a convex set, then its distance function dg : X — R fulfills
ds(z) = inf{|lz —y| : y € S} = (|| - [|D6s)(z) Vz € X,

thus it is convex.
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Convex functions A ;

ological properties of convex functions

Topological properties of convex functions

Lower semicontinuous function

A function f: X — R is said to be
» lower semicontinuous at = € X, if liminf f(y) :=sup inf f(y) > f(x);
@ 6>0Y )

Yy—r
» lower semicontinuous, if it is lower semicontinuous at every z € X.

For a given function f : X — R the following statements are equivalent:
» f is lower semicontinuous;

» epi f is closed;

» every upper level set {z € X : f(z) < A}, A €R, is closed.

Example (indicator function)

For the indicator function dg of a set S C X one has epidg = S X Ry. Thus dg is
lower semicontinuous if and only if S is closed.

Pointwise supremum

The pointwise supremum of a family of lower semicontinuous functions f; : X — R,
sup;er fi : X = R,sup;e; fi(x) = sup{fi(z) : i € I},
is lower semicontinuous.
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Convex functions -
X ropert functions

Tobological properties of convex functions

Lower semicontinuous hull

The lower semicontinuous hull of a function f : X — R is defined as
f: X =R, f(z) =inf{r: (z,7) € cl(epi f)}.
The following statements are true:
» liminf f(y) = f(z) Vz € X;
y—z

> epif =cl(epif);
» f=sup{h: X - R:h < f and h is lower semicontinuous}.

Affine minorant
One says that z — (z*,z) + o, where (z*,a) € X* X R, is an affine minorant of
f: X >R, if

(z*,y) + a < f(y) Vy € X.

Fundamental result

A function f : X — R is convex, lower semicontinuous and it fulfills f > —oo if and
only if there exists (z*,a) € X* X R such that (x*,y) + o < f(y) for all y € X and

f(z) =sup{(z”,z) + a: (z",a) € X* xR, (z",y) + o < f(y) Vy € X} Vz € X.

4
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Convex functions A -

op
Topological properties of convex functions

Weak lower semicontinuity

» A function f: X — R is said to be weakly lower semicontinuous, if epi f is weakly
closed.

» Since
epi f C cl(epi f) C cly,(x,x*)xr(epi f),
every weakly lower semicontinuous function is lower semicontinuous, too.

» If f: X — R is convex, then f is weakly lower semicontinuous if and only if f is
lower semicontinuous.

Continuity via convexity

If a convex function f : X — R is bounded above on a neighborhood of a point of its
domain, then f is continuous on int(dom f).

Local Lipschitz continuity via convexity

If a proper and convex function f : X — R is bounded above on a neighborhood of a
point of its domain, then f is locally Lipschitz continuous on int(dom f), i.e. for all
z € int(dom f) there exist € > 0 and L > 0 such that

[f(y) = f(2)] < Llly — 2|l Vy,z € B(x, ).
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Convex functions

An intermezzo: the algebraic interior of a convex set

The algebraic interior of a convex set S C X is

core(S) := {s € S: cone(S —s) = )\go)\(S —s) =X}

» One always has int(.S) C core(S).
» If int(S) # 0 or X is finite-dimensional, then int(S) = core(S).

Example

Let zf : X — R be a discontinuous linear functional and S := {z € X : |(z!,z)| < 1}.
Then int(S) = (0, while 0 € core(S) # 0.

From lower semicontinuity to continuity

If X is a Banach space and f : X — R is a convex and lower semicontinuous function,
then int(dom f) = core(dom f) and f is continuous on int(dom f).

Example

If X is a Banach space and S C X is a convex and closed set, then
int(S) = int(dom dg) = core(dom dg) = core(.S). However, these sets can be also
empty. This is, for instance, the case when

p e [1,+OO),X =/P and S = éﬁ = {(mk)kZI € EP x> 0VE > 1}
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Conjugate functions
The convex subdifferential

Conjugacy and subdifferentiability

Conjugacy and subdifferentiability

Conjugate functions

(Fenchel-Legendre-) Conjugate function of a function f: X — R:

£ Xt S R ) = sup{(a*,a) — f(2)}.
reX

Properties of the conjugate function (1)

For a given function f : X — R we have:
» f* is convex and weak* lower semicontinuous;

» Young-Fenchel-inequality:
f(@) + f*(z*) > (%, z) V(z,2*) € X x X*;

» when, for g: X = R, f < g, then g* < f*;
> fr=)"
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Conjugate functions
The convex subdifferential

Conjugacy and subdifferentiability

Examples
» The conjugate function of the indicator function of a set S C X is the so-called

support function of S,

o5t X* > R,og(z*) = 65(z*) = sup(z*, z).
zeS

R O N A P R
, one has f*(z") = { +oo0,  otherwise.
» For f = %H -|I?, one has f* = %H 2.

» For f=| -

Properties of the conjugate function (I1)
For a given function f : X — R we have:
> —f7(0) = inf_f(a);
zeX
> (M) (@) = Af* (32%) YA>0Va* € X*;
» for x € X:
(fC+2)" (") = f*(=") — (z7,7) Vo~ € X7

» for z* € X*:
(f+(@", )" (a") = f* (" — ") Va* € X~
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Conjugate functions
The convex subdifferential

Conjugacy and subdifferentiability

Properties of the conjugate function (III)

Let be ®: X XY — R.

> If
h:Y — R, h(y) = inf{®(x,y) : z € X},
then
R*(y*) = @*(0,y") Vy* € Y.
> If

@(z,y) = f(z) +9(y),
where f: X > Rand g:Y — R, then

O* (™, y") = (7)) + 97 (y") V(T y") € XT x Y

The conjugate of the infimal convolution

For f,g: X — R proper functions one has

(fOg)" =f"+g"
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Conjugate functions
The convex subdifferential

Conjugacy and subdifferentiability

Biconjugate function of a function f: X — R
[ X =R (@) = sup {(2¥2) — f*(2%)}
ereX*

» When X* is endowed with the weak* topology, then f** = (f*)*.
» One always has: f** < f < f.

Theorem of Fenchel-Moreau

If f: X — R is a proper, convex and lower semicontinuous function, then f* is proper
and it holds f** = f.

v

Conjugate of the biconjugate

For f : X — R a given function it holds

f*** — (f**)* — (f*)** — f*~

The conjugate of the sum

For f,g : X — R proper, convex and lower semicontinuous functions with
dom f Ndom g # @ it holds

(f+9)" =" +g™) = (05" = (FOg)" = FOg".
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fferential

Conjugacy and subdifferentiability

The convex subdifferential
The convex subdifferential of f at z € X:

of(@) :={2" € X*: f(y) - f(x) 2 (z",y —x) Vy € X},
for f(x) € R. Otherwise, df(z) := 0.

Properties of the convex subdifferential (I)

For a given function f : X — R and = € X we have:
» the set Of(x) is convex and weak* closed and it can be empty, even if f(z) € R;

>t € 0f(x) & [(x) + [* (") = (", 2),
» if 0f(x) # 0, then f(z) = f(z) and df(x) = Of(x);

» when f proper:

z is a global minimum of f < 0 € 9f(x).
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fferential

Conjugacy and subdifferentiability

Examples

» The convex subdifferential of the indicator function of a set S C X at z € X is the
so-called normal cone of S at X,

eX*:(z*y—z)<0VyeS}, ifzes,
otherwise.

Ns(e) = 006s)a) = { §°

» One has

ol ey = { 2 X Lol < 1) oo
{z* € X* : ||lz*||« = 1, ||z|]| = (z*,z)}, otherwise.

> One has 3 (- 112) (@) = {o* € X* : [l* |1+ = [lall, lle* ||+ ll2l| = (*,)}.

Properties of the convex subdifferential (II)

For a given function f : X — R and = € X we have:
> O(Af)(z) = AOf (x) VA >0;
» for z € X:
Of(+z)(z) =0f(z + );

» for z* € X™*:
o(f +(z*, )(z) = 0f () + ™.
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fferential

Conjugacy and subdifferentiability

Properties of the convex subdifferential (l1)

For a proper function f : X — R and z € dom f we have:
> z* € 0f(x) = x € f*(x*), where

of* (@) ={2€ X : f*(y") = f*(a") > (y* — 2", 2) Vy" € X"}
» if f is convex and lower semicontinuous at x, then

z* € 0f(xz) & x € df*(z¥).

The convex subdifferential of the sum of two functions

For f: X - R, g:Y — R given functions and A: X — Y a linear continuous
operator it holds

0f(z) + A*(9g(Az)) C O(f + g o A)(z) ¥z € X,

where A* : Y* — X*,
(A*y*, 2) = (y*, Az) ¥(z,y*) € X x Y™,

denotes the adjoint operator of A.
Thus, when X =Y and A is the identity on X, it holds

df(x) + 9g(x) C A(f + g)(x) Vx € X.
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fferential

Conjugacy and subdifferentiability

Convex subdifferential and directional derivatives

Let f: X — R be a proper and convex function and z € dom f. The following
statements are true:
» the directional derivative of f at z fulfills for every direction d € X:

Flod) = lim 28D =@ fettd = @) g
tl0 t t>0 t

» it holds:
0f(a) = {a* € X" : f/(a5d) > (2*,d) Vd € X};

» if f is Gateaux differentiable at z, i.e

AV f(x) € X* such that f/(z;d) = (Vf(x),d) Vd € X,

the
" 9f(x) = {V(x)}. )
Examples
When (X, || - ||) is a Hilbert space one has
{z* € X:[2*| <1}, ifz=0,
a0 ={ {25 e

> (51 1?) () = {z} forall z € X.
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Co e func
The convex subdifferential

Conjugacy and subdifferentiability

Subdifferentiability via continuity

Let f: X — R be proper, convex and continuous at z € dom f. The following
statements are true:

» Of(x) # 0;
» Of(x) is weak* compact and, consequently, norm-bounded;
» f’(z;-) is continuous and it holds

f'(z;d) = max{(z*,d) : z* € 0f(z)} Vd € X;

» if Of(x) is a singleton, then f is Gateaux differentiable at x.

Example

When f: X — R is a proper, convex and lower semicontinuous function at
z € dom f, which fails to be continuous at € dom f, df(x) may be empty.

For
FIROR fz)={ ~Vi-e% iflel<l,
’ +o00, otherwise,

one has 9f(1) = 0.
Moreover,

0 =00f(1) £ 0(0f)(1) =R_.
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Fenchel duality
Lagrange duality

Convex duality

Convex duality
Fenchel duality

For f: X - R and g:Y — R proper and convex functions fulfilling
A(dom f) Ndom g # @, we consider the unconstrained optimization problem

() inf {f(z) +g(Ax)}.

Particular case included (1)

For X =Y, A the identity operator on X and f,g: X — R proper and convex
functions fulfilling dom f N dom g # (), problem (P) reads

inf {f(@) + g(@)}.

Particular case included (Il)

Let f; : X - R, i =1, ..., k, be proper and convex functions fulfilling

NE_, dom f; # 0. By taking Y := [[\_, X, A: X =Y, Az = (x,..,2), f(2) =0 for
alz€ X andg:Y =R, g(z1,...,2) = Zf:] fi(x;), problem (P) becomes

w3 @}
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Convex duality

Fenchel dual problem to (P):

(D) sup {—=f"(=A"y") —g"(v")}-
yreY*

Weak duality (is always fulfilled):

inf {f(z) +g(Az)} > sup {—f*(-A"y") —g"(¥")}.
zeX y*eEY*

Strong duality holds, if:

inf {f(@) +g(A)} = max (- (-A"y) ~ g ()}
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Fenchel duality
Lagrange duality

Convex duality

Example (nonzero duality gap)
Let A:R? — R?, A(z1,72) = (21,22),
f:R%2 =R, f(z1,72) = max{—1,—/z1z2} + Og2 (w1, 22)
and
9:R* = R, g(z1,22) = 6{0)xr(@1,22).

The optimal objective value of (P) is equal to 0, while the optimal objective value of
(D) is equal to -1.

Example (zero duality gap, but no strong duality)
Let A:R—> R, Az =z,

z(lnz —1), ifz>0,
fR=R, f(x)= 0, if =0,
+o0, otherwise,

and
g:R—=R, g(z) = %xQ +or_ ().

The optimal objective values of (P) and (D) are both equal to 0, however the dual
problem has no optimal solution.
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hel duality

Convex duality

An intermezzo: the strong-quasi relative interior
The strong-quasi relative interior of a convex set S C X is
sqri(S) := {s € S : cone(S — s) is a closed linear subspace}.
» Recall: core(S) = {s € S : cone(S — s) = X}.
» One always has int(.S) C core(S) C sqri(.5).
» If int(S) # @, then int(S) = core(S) = sqri(S).

» If X is finite-dimensional, then

int(S) = core(S) and sqri(S) = ri(S) = intag(g)(S)-
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Fenchel duality
Lagrange duality

Convex duality

Interiority-type qualification conditions for Fenchel duality:
» (F): 3z’ € dom f N A~'(dom g) such that g is continuous at Az’;
> (MR) (Moreau-Rockafellar, 1966): 0 € core(A(dom f) — dom g);
> (AB) (Attouch-Brezis, 1986): 0 € sqri(A(dom f) — dom g).

Strong duality statements:
» (F') = strong duality for (P) — (D);

> When X and Y are Banach spaces and f, g are lower semicontinuous, then
(F) = (MR) = (AB) = strong duality for (P) — (D).

The finite-dimensional case

If X =R"™ and Y = R™, then (AB) < A(ri(dom f)) Nri(domg) # 0 = strong
duality for (P) — (D).
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Fenchel duality
Lagrange duality

Convex duality

Closedness-type qualification condition for Fenchel duality:
> (B): (A* x idg)(epi f*) + epig* is closed in (X*, w(X™*, X)) x R.

> If f, g are lower semicontinuous, then (B) = strong duality for (P) — (D).

» If X,Y are Banach spaces and f, g are lower semicontinuous, then
(F)= (MR) = (AB) = (B).

Example
Let A:R — R, Az = =z,
f:R=R, flz) = %CEQ + 0, (x) and g : R — R, g(z) = dr_ (x).

The functions f and g are proper, convex and lower semicontinuous and none of the
interiority-type qualification conditions is fulfilled. On the other hand,

(A" x idg)(epi f*) + epig” =R x R4

and (B) is valid, i.e. for (P) and (D) one has strong duality.

Radu loan Bot Convex analysis: basics, conjugation and duality



Fenchel duality
Lagrange duality

Convex duality

Subdifferential formulae

» Recall:
(f + go A)(z) 2 0f () + A*(9g(Ax)) Va € X.

» Each of the qualification conditions (F'), (M R), (AB) and (B) guarantees (under
corresponding topological assumptions) that

Of+goA)(zx) =0f(z) + A*(8g(Ax)) Vz € X.

Optimality conditions for (P)

Assume that one of the qualification conditions (F'), (MR), (AB) and (B) (under
corresponding topological assumptions) is fulfilled. Then & € X is an optimal solution
to (P) if and only if

0€df(z) + A*(09(Ax)).
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Fenchel duality
Lagrange duality

Convex duality

Lagrange duality

Consider the geometric and cone-constrained optimization problem
(P) inf f(a),
sit. g(x) € —K,
rzeS
where
» X, Z are two normed spaces;
» K C Z is a nonempty convex cone, i.e., VA>0Vk € K = \k € K.
By <k we denote the partial order induced by K on Z, i.e.,

foru,v € Zitholdsu<gvev—ueK
and by
K*:={\N€eZ":(\k)y>0Vk e K}

the dual cone of K;
» S C is a convex set;

f: X — Ris a proper and convex function;
g: X — Z is a K-convex function, i.e.,

vy

the K-epigraph of g, epip g = {(z,2) € X X Z : g(z) <k z}, is convex

or, equivalently,
g(Az + (1 = A)y) <k Ag(@) + (1 — Ng(y) Vz,y € X VA € [0,1];

v

the feasiblity condition dom f N .A # @ is fulfilled, with
A:={zxeS:g(x)e —K}.
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Convex duality

Particular case included (1)

For Z=R"™, K =R7 and g = (g1, vy gm)T : X — R™, problem (P) reads

inf  f(x).
s.t gl(m)SO,z: ERERERLL
zeSs

The function g is K-convex < g¢;,i = 1,...,m, is convex.

Particular case included (I1)

For Z =R™*P, K =R7 x {Ogr} and g = (g1, s gm, P15 -0, Bp)T : X — R™FP,
problem (P) reads
inf  f(x).
st. gi(z) <0,i=1,..,m,
hj(z) =0,7=1,...,p,
zeSs

The function g is K-convex < g;,i = 1,...,m, is convex and hj;,j = 1,...,p, is affine.

v
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Fe | duality

Lagrange duality

Convex duality

Particular case included (I11)

For an arbitrary index set I, Z = R! := {z]|z: I — R},
K=R)y :={zeRl|z(i) >0Vie I} and g = (gi)ics : X — RZ, problem (P)

reads
inf  f(z).
st gi(z) <0,i€1,
zeS

The function g is K-convex < g; is convex for every i € I.
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Fenchel duality
Lagrange duality

Convex duality

Lagrange dual problem to (P):
(D) sup inf {f(z) + (A, g(z))}-

AEK* TES

Weak duality (is always fulfilled):
inf f(z) > sup inf {f(z)+ (X, g(x))}.

zeA AeK* TES

Strong duality holds, if:
inf f(z) = max Inf {f(@) + A g(=)}-

z€A AEK™
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Fenchel duality

Lagrange duality

Convex duality

Example (nonzero duality gap)

Let X =R2, Z=R, K =R, S= {0} x [3,4]U(0,2] x (1,4] C R?,
f:R2 =R, f(r1,r2) = @2

and
g:R%2 5 R, g(z1,22) = 1.

Then A = 0 x [3,4] and the optimal objective value of (P) is equal to 3, while the
optimal objective value of (D) is equal to 1.
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Convex duality

Interiority-type qualification conditions for Lagrange duality:
> (S) (Slater qualification condition): 3z’ € dom f N S such that g(z’) € — int(K);
> (R) (Rockafellar, 1974): 0 € core(g(dom f N S) + K);
> (JW) (Jeyakumar-Wolkowicz, 1992): 0 € sqri(g(dom f N S) + K).

Strong duality statements:
» (S) = strong duality for (P) — (D);

> If X and Z are Banach spaces, S is closed, f is lower semicontinuous and g is
K-epi closed (i.e. epig g is closed), then (S) = (R) = (JW) = strong duality
for (P) — (D).

The finite-dimensional case
fX=R"Y=R" K= RT and g = (g1, ...,gm)T : R™ — R™, then the three
conditions become

3z’ € dom f N S such that g;(z’) < 0,i = 1,...,m.

Recall also the following weak Slater qualification condition
» (WS) (Rockafellar, 1970): 32’ € ri(dom f N S) such that g;(z’) < 0,4 € L, and
gi(z') <0,i € N,
where L = {i € {1,...,m} : g; is affine} and N = {1,...,m} \ L.
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Closedness-type qualification condition for Lagrange duality:

» (B): |J epi(f + (X g)+3s)* is closed in (X*, w(X*, X)) x R.
AEK*

» If S is closed, f is lower semicontinuous and g is K-epi closed, then (B) =
strong duality for (P) — (D).

> If X and Z are Banach spaces, S is closed, f is lower semicontinuous and g is
K-epi closed, then (S) = (R) = (JW) = (B).

Example
_ 7 _p2 _m2 _ w2
Let X =Z=R2, K =R%, S =R2,
fiRZ =R, f(z1,22) = %CB%+$2 and g: R? = R2, g(x1,22) = (z1,22 — 21).

The set S is convex and closed, the function f is proper, convex and lower
semicontinuous, the function g is RZ -convex and R2 -epi closed and none of the
interiority-type qualification conditions is fulfilled. On the other hand,

U_epi(f+ (A g() + 02 )" =R? x Ry
AeRi +

and (B) is valid, i.e. for (P) and (D) one has strong duality.
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Subdifferential formulae

» One always has:

o(f+0) @2 |J 8+ (A g)+3s)(@) Yo € dom [ N A.

AEK™,
(X,g(x))=0

» Each of the qualification conditions (S), (R), (JW), (WS) and (B) guarantees
(under corresponding topological assumptions) that

a(f+ox) @ = |J 00/ +(Ag)+3s)(@) Yo € dom [ N A.

AEK™,
(X,g(x))=0

Generalized KKT optimality conditions for (P)

Assume that one of the qualification conditions (S), (R), (JW), (WS) and (B) is
(under corresponding topological assumptions) fulfilled. Then Z € X is an optimal
solution to (P) if and only if there exists A € K* such that

0€a(f+(\g)+6s)(a)

and (X g(@) = 0.
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