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Introduction

In an endeavour to find a complete and comprehensive description of nature, elementary
particle physicists build theories which identify the basic building blocks of matter and
explain the interactions between them. It is fair to say that the major achievement
within the field of particle physics of the last century was the development of the
Standard Model of electroweak and strong interactions, successfully explaining close
to all experimental observations. However, gravity cannot be described within this
framework and there are further theoretical and experimental indications that the SM
cannot be the all-encompassing theory of nature but must be embedded within a more
fundamental theory. Out of a variety of miscellaneous models, supersymmetric (SUSY)
models are often considered to be the most natural and appealing extensions of the
SM. The widely presumed unification of the electroweak and the strong force at a high
energy scale occurs naturally in SUSY models and the new particles predicted in SUSY
theories cause a cancellation of the quadratic divergencies in the Higgs sector, thus
stabilizing the Higgs mass. The simplest supersymmetric extension of the SM is the
Minimal Supersymmetric Standard Model, which approximately doubles the particle
content of the SM.

There are in principle two possibilities by which one can probe models beyond the SM
such as the MSSM. On one hand one can directly search for the particles predicted by
the model. For many years physicist have been looking for SUSY particles at big par-
ticle accelerator experiments, especially at LEP and at Tevatron, but so far the search
was unsuccessful. Today we are at the brink of discovering new physics. The Large
Hadron Collider (LHC) at the European Organization for Nuclear Research (CERN),
the world’s most powerful accelerator, started running last year, and if SUSY particles
exist they are expected to be observed there. The first search for supersymmetry, con-
ducted at the ATLAS and CMS detectors, did not show any significant deviation from
the SM, but set new limits on SUSY parameter space [1, 2].

An alternative way to test models is to investigate the virtual effects of the predicted
particles on electroweak precision observables, e.g. the masses of the W and the Z boson
and the effective electroweak mixing angle. The electroweak precision observables are
sensitive to quantum effects from the entire particle spectrum of a model, including
particles that are too heavy for direct detection. Therefore they provide a powerful tool
by which one can distinguish between different models and derive indirect constraints
on the unknown parameters of a model. The strength of this method has been evident
since the discovery of the top quark with a measured mass in remarkable agreement
with the indirect prediction from electroweak precision observables. Furthermore the
precision observables provide a good cross-check, in case SUSY particles will be found in
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the following years at LHC, and even if the search remains unsuccessful the electroweak
precision observables can help to determine the underlying physics.

We will focus on the prediction of the W boson mass, MW , in terms of the Z boson
mass, the Fermi constant and the fine structure constant, which can be derived from
the decay of the muon. This relation constitutes one of the most important quantities
of a given model, since it is highly sensitive to quantum effects from all other particles
in the model.

The current experimental value of the W boson mass is 80.399±0.023 GeV [3] (natural
units will be used throughout this thesis) and the current accuracy of 0.03% is expected
to improve further at LHC. It is reasonable to expect a reduction of the error down
to 15 MeV. In order to utilize the precise experimental determination of the W boson
mass and benefit from electroweak precision tests, a precise theoretical prediction for
MW is essential, which can be achieved by calculating higher orders in perturbation
theory, corresponding to loop corrections to muon decay.

Within the SM the calculation of the W boson mass is quite sophisticated. The
full one-loop [4, 5] and two-loop [6–17], as well as the leading three-loop [18–22] and
four-loop [23, 24] corrections are also known. In addition a convenient fitting formula
for MW containing all numerically relevant contributions has been developed which
approximates the result forMW to better than 0.5 MeV for a SM Higgs mass between 10
GeV and 1 TeV [25]. A comparable accuracy would also be desirable for SUSY models,
but so far the calculation is less advanced: In the MSSM the one-loop result [26–29] and
leading two-loop corrections have been calculated [30–33]. Recently also in the Next To
Minimal Supersymmetric Standard Model (NMSSM), the one-loop calculation [34, 35]
and leading two-loop contributions [35] have been worked out.

In this thesis, we present the first step on the way towards a higher level of theoretical
accuracy for the electroweak precision observables beyond the SM. A full one-loop
calculation of the W boson mass in the SM and in the MSSM with complex parameters
is performed for the most general set of parameters without any restrictions on the SUSY
parameter space and taking the full phase dependence in the SUSY sectors into account.
Previous results have been checked and confirmed. Our one-loop result is combined
with all known higher order corrections, of SM and SUSY type, and consequently we
obtain the most precise prediction for the W boson mass in the MSSM. All one-loop and
higher order contributions are implemented inMathematica which makes our result very
flexible with respect to modifications and extensions. This framework and the structure
of our calculation allow an easy extension to further models, like the NMSSM, models
with four fermion generations, the inert doublet model and many more, with the great
advantage of enabling a consistent comparison between them.

The thesis is organized as follows: In the next chapter a theoretical introduction to the
SM of particle physics is given, followed by an introduction to its minimal extension,
the MSSM, in chapter 2, focusing on its extended particle sector. Chapter 3 gives
the basic concepts of regularization and renormalization needed for loop calculations.
Technical details of our calculation, such as the programs used, are described in chapter
4. As already alluded to, the main topic of this thesis is the theoretical determination
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of W boson mass in the SM and the MSSM. Therefore this calculation is extensively
discussed in chapters 5, 6 and 7. In chapter 8 we show the numerical evaluation of our
results, before summarizing and concluding in chapter 9.

3





1. The Standard Model

1.1. Gauge groups and particle content

The Standard Model of particle physics [36–38] is a theory formulated (in its current
version) in the 1970s, which describes all elementary particles and their interactions,
apart from gravity, which have experimentally been discovered so far. It is a quantum
field theory that exhibits translation invariance and Lorentz invariance, two global sym-
metries following from special relativity. Further the SM is also locally gauge invariant
under the gauge group SU(3)⊗ SU(2)⊗ U(1). It is split into two parts, the quantum
theory of electroweak interactions and Quantum Chromo Dynamics (QCD), of which
the former one is based on SU(2)⊗U(1) and the latter one on the SU(3) group. QCD
will only briefly be discussed here, for a review see Ref. [39].
The particles of the SM are classified into fermionic (half-integer spin) and bosonic

(integer spin) particles. Fermions account for the matter of the universe, a consequence
of the Pauli exclusion principle [40], and bosons carry the forces between them. A
special role among the bosons is played by the Higgs boson, the only SM particle that
has not been observed yet. Particles of the SM obtain masses by coupling to the Higgs
field. The different sectors of the SM will be outlined in the next section. We follow
predominantly Refs. [41, 42].

1.1.1. Gauge sector

There are four fundamental interactions in nature, out of which three are described
within the SM: the electromagnetic interaction between charged particles, the weak
interaction that causes radioactive β-decay and the strong interaction which binds pro-
tons and neutrons together. The fourth interaction, most apparent in everyday life, is
gravity. To this day, there is no possibility to describe gravity in a renormalizable (fur-
ther explanation in section 3.2) quantum field theory, such as the SM. Quantum gravity
effects are expected to be seen at energy scales of MPlanck = 1019 GeV, far beyond the
energy scales reachable in collider experiments. Its implications for particle physics is
therefore very limited and gravity is not further explored here.
Each of the tree SM forces has an associated coupling constant, which determines

the strength of the interaction, and is mediated by a (spin 1) gauge boson. The gauge
bosons are not put in the SM ’by hand’ but they result from requiring local gauge
invariance. Table 1.1 lists the gauge fields of the SM gauge group, with their particular
couplings. The gauge fields belonging to the color group SU(3)C are the eight gluons
ga (a = 1...8) and gs is the strong coupling constant. The three fields W a (a = 1, 2, 3)
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1. The Standard Model

belong to the weak isospin group SU(2)I , and the B field to the weak hypercharge
group U(1)Y ; their couplings are denoted g and g′. The generators of the isospin group
are denoted Ia and the generator of the weak hypercharge Y . I3 is the third component
of the weak isospin operator and Q = I3 +

Y
2
is the electric charge operator.

The Lagrangian of the Yang-Mills gauge sector is

LYM = −1

4

(

∂µW
a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν

)2 − 1

4
(∂µBν − ∂νBµ)

2 , (1.1)

where εabc is the totally antisymmetric tensor in three dimensions, and a, b, c ∈ {1, 2, 3}.
In this work the Einstein summation convention is used throughout. The physical gauge
boson states do not directly correspond to the electroweak gauge fields of Table 1.1 but
are mixtures of those. The observed fields are the charged W bosons

W± =
1√
2
(W 1 ∓ iW 2), (1.2)

the neutral Z boson and the photon A
(

Z
A

)

=

(

cW sW
−sW cW

)(

W 3

B

)

. (1.3)

Here sW and cW are the sine and cosine of the weak mixing angle, which at tree level
are given by

sW := sinΘW =
g′

√

g′2 + g2
, cW := cosΘW =

g
√

g′2 + g2
. (1.4)

The photon is the carrier of the electromagnetic force, and all charged particles are
subject to the electromagnetic interaction. The weak force is carried by the charged
gauge bosons W± and the neutral gauge boson Z. The neutral interaction involves all
(left- and right-handed) fermions, while W± couples only to left-handed fermions.

Gauge group Gauge fields Coupling
SU(2)I W a (a = 1..3) g
U(1)Y B g′

SU(3)C Gluons ga (a = 1...8) gs

Table 1.1.: SM gauge fields and couplings.

1.1.2. Higgs sector

It can be shown that it is impossible to write down gauge-invariant explicit mass terms
for gauge fields. However, massive gauge bosons, with masses

MW = 80.399 GeV , MZ = 91.1875 GeV (1.5)
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1.1. Gauge groups and particle content

Figure 1.1.: Generic shape of the Higgs potential.

(from Ref. [3] and the LEP electroweak working group [43,44]) have been observed, so
the SU(2)I ⊗ U(1)Y gauge symmetry must be broken. The breaking is accomplished
by the Higgs mechanism, which is furthermore also responsible for the generation of
fermion masses. In this framework, gauge boson masses are obtained by adding another
term

LHiggs = (Dµφ)
†(Dµφ)− V (|φ2|) (1.6)

to the Lagrangian. The Higgs field is a complex scalar SU(2) doublet,

φ =

(

φ+

φ0

)

, (1.7)

and Dµ the covariant derivative

Dµ = ∂µ − igIaW a
µ − i

g′

2
Y Bµ . (1.8)

Requiring gauge invariance and renormalizability, the potential can be written as

V (|φ|2) = −µ2|φ|2 + λ

4
|φ|4 , (1.9)

where λ must be positive, so that the energy is bounded from below. For µ2 > 0, the
shape of the graph of this potential looks like a Mexican hat and is minimized on a
circle with non-vanishing radius. This is demonstrated in Figure 1.1. Its minimal value
is at

|φ|2 = 2µ2

λ
≡ v2

2
, (1.10)

where v is the (non-zero) vacuum expectation value. After choosing one specific mini-
mum (out of all possible states on the circle)

〈φ〉 =
(

0
v√
2

)

, (1.11)
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1. The Standard Model

this ground state does not reflect the symmetry of the potential anymore. This feature
is termed spontaneous symmetry breaking. The full scalar doublet can then be written
as an expansion around the ground state

φ =

(

φ+

1√
2
(v +H + iχ)

)

(1.12)

where φ+ and χ are the unphysical degrees of freedom, called Goldstone bosons, that
give the longitudinal part of the gauge bosons. The Goldstone bosons can be elim-
inated by choosing a special gauge (the concept of gauge fixing will be explained in
section 1.1.4). The gauge in which the Goldstone fields vanish, is called unitary gauge.
H is the only physical field - the Higgs boson with a mass of

mH =
√
2µ. (1.13)

In the later sections, when we talk about the SM and the MSSM simultaneously, we
will denote the SM Higgs boson as hSM, instead of H , to avoid confusions.

The masses of the physical particles can be extracted most easily in unitary gauge.
Therefore (1.12) with φ+ = χ = 0 and (1.8) are inserted into the Lagrangian (1.6).
From the first term of (1.6) one finds terms where v couples to the W a and B fields
and thus generates the gauge boson masses

MW = cWMZ =
1

2
g v . (1.14)

1.1.3. Fermion sector

The fermions in the SM are divided into leptons and quarks. Leptons exist as free
particles, while quarks are always bound inside hadrons, such as protons and neutrons.
All fermions are listed in Table 1.2 with their corresponding quantum numbers. The
fermions can be divided into three generations, which have the same quantum numbers
and differ only by the mass of the particles. The number three is not given by the
theory but we know from experimental results that there must be at least three fermion
generations and not more than three light neutrinos. The left-handed fermions build
weak isospin doublets

LL
j =

(

νL
j

lLj

)

, QL
j =

(

uL
j

dLj

)

, (1.15)

which implies that a (left-handed) fermion with quantum number I3 = +1/2 can in-
teract weakly with a W boson and a (left-handed) fermion with quantum number
I3 = −1/2. The right-handed fermions build weak isospin singlets

lRj , uR
j , dRj . (1.16)
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1.1. Gauge groups and particle content

In (1.15) and (1.16), j indicates the generation index, ν a neutrino, l a charged lepton,
u an up-type quark and d a down-type quark. There are no right-handed neutrinos in
the SM.
An explicit Dirac-type fermion mass term in the Lagrangian would not preserve gauge

invariance. Fermion masses are generated by so called Yukawa couplings of the Higgs
field to the fermion fields. The Lagrangian of the fermionic sector is

LF =
∑

i

(

L̄L
i iγ

µDµL
L
i + Q̄L

i iγ
µDµQ

L
i

)

+
∑

i

(

l̄Ri iγ
µDµl

R
i + ūR

i iγ
µDµu

R
i + d̄Ri iγ

µDµd
R
i

)

−
∑

ij

(

L̄L
i G

l
ijl

R
j φ+ Q̄L

i G
u
iju

R
j φ̃+ Q̄L

i G
d
ijd

R
j φ+ h.c.

)

(1.17)

where φ̃ = iσ2φ
∗ is the charge conjugated Higgs field and Gl, Gu and Gd are the Yukawa

coupling matrices. The sums run over the three generations. The γ-matrices are defined
by

{γµ, γν} = 2gµν , (1.18)

where gµν denotes the Minkowski metric. Without right-handed neutrinos, no neutrino
Yukawa terms are possible and they remain massless in the SM.∗ The mass eigenstates
of the quarks do not correspond to their weak interaction eigenstates. The relation of
the weak interaction quark eigenstates to the mass eigenstates is

q′
L
i = U q,L

ik qLk

q′
R
i = U q,R

ik qRk

(1.19)

with masses
mq′,i = U q,L

ik Gq
kmU

q,R†
mi

v√
2
. (1.20)

where q ∈ {u, d}. The product
Vij = Uu,L

ik Ud,L†
kj (1.21)

is referred to as quark mixing matrix or Cabibbo-Kobayashi-Maskawa (CKM) matrix.
A complex phase in the quark mixing matrix gives the only source of CP-violation in
the SM. We neglect quark mixing throughout this work. Then Vij is a unit matrix.

1.1.4. Gauge fixing, ghost sector

The electroweak field theory is defined by the Lagrangian

LEWSM = LYM + LHiggs + LF . (1.22)

∗But neutrino masses have been observed, which shows that the SM in its current form cannot be
the full theory but is probably embedded in a more fundamental, so far unknown theory. More
indications for physics beyond the SM are given in section 2.1

9



1. The Standard Model

1. 2. 3. I3 Y Q

Leptons

( νe
)

L

( νµ
)

L

( ντ
)

L

1/2 -1 0
e µ τ -1/2 -1 -1
eR µR τR 0 -2 -1

Quarks

(

u
)

L

(

c
)

L

(

t
)

L

1/2 1/3 2/3
d s b -1/2 1/3 -1/3
uR cR tR 0 4/3 2/3
dR sR bR 0 -2/3 -1/3

Table 1.2.: All SM fermions with associated quantum numbers. I3 is the third compo-
nent of the of the weak isospin, Y the weak hypercharge and Q = I3+Y/2
the electric charge.

For the incorporation of quantum effects, the SM needs to be quantized.
The propagators are the Green functions of the free field equations, which can be

derived from Feynman path integrals [45, 46]. But naively applying the path integral
formalism to non-abelian gauge theories yields mathematical inconsistencies. This is
described in detail in Ref. [42]. For the quantization of the SM this problem, which is
due to the gauge invariance of the Lagrangian, must be solved.
This requires the insertion of additional, gauge fixing, terms in the Lagrangian. Using

the renormalizable ’t Hooft gauge, in which the propagators behave like 1/k2 for large
momentum k, the gauge fixing term is

Lfix = −1

2

[

(FA)2 + (FZ)2 + 2FW+

FW−
]

, (1.23)

with

FW±

= (ξW1 )−
1

2∂µW±
µ ∓ iMW (ξW2 )

1

2φ±

FZ = (ξZ1 )
− 1

2∂µZµ −MZ(ξ
Z
2 )

1

2χ

FA = (ξA1 )
− 1

2∂µAµ .

(1.24)

Here ξW1 , ξW2 , ξZ1 , ξ
Z
2 and ξA1 are the five gauge parameters. Mixing terms between gauge

boson fields and Goldstone fields arise from electroweak symmetry breaking. If ξW2 = ξW1
and ξZ2 = ξZ1 is chosen, these mixing terms are absent, since they are canceled by the

terms iMW (ξW2 )
1

2φ± and MZ(ξ
Z
2 )

1

2χ.
In these equations non-physical contributions appear, which can be canceled by intro-

ducing so called Faddeev-Popov ghost uα(x) and antighost ūα(x) fields (α = W±, A, Z).
Ghosts are unphysical mathematical entities, which do not correspond to ’real’ exter-
nal particles and only appear as virtual particles in Feynman diagrams. The additional
Faddeev-Popov term we get in the Lagrangian is

LFP =
∑

α,β=W±,A,Z

ūα(x)
δF α

δθβ(x)
uβ(x). (1.25)
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1.1. Gauge groups and particle content

where the θα are infinitesimal gauge transformations. From the variations of the in-
volved fields A,Z,W±, φ+ and χ under the infinitesimal gauge transformations, the
variations of the gauge fixing operators δFα

δθβ
can be determined. The resulting formulas

can be found in Ref. [42]. Including these additional terms Lfix and LFP , the full
Lagrangian of the electroweak SM can be written as

LGSW = LEWSM + Lfix + LFP , (1.26)

where GSW stands for Glashow-Salam-Weinberg Model. The parameters ξαi can be
chosen freely, however in the end the S-matrix element must be independent of the
gauge fixing. In this work the particularly simple Feynman-’t Hooft gauge is chosen,
where all ξαi are set equal 1. In the Feynman-’t Hooft gauge each ghost field acquires
the same mass as its associated gauge boson field.
In a scattering process, the probability for an incoming state |i〉 to transform into an

outgoing state |f〉 is related to the absolute square of the scattering matrix (S-matrix)
element 〈f |S|i〉. The relation between the S-matrix and the matrix element M is given
by

〈f |S|i〉 = 〈f |i〉+ i(2π)4δ(4) (pi − pf)M , (1.27)

and the four momenta are on the mass shell, so p0i/f = Ei/f where Ei/f denotes the

energy of the incoming/outgoing particles.
In quantum field theories, where the coupling g is small, the matrix element M (and

therewith observables O ∝ |M|2) can be calculated perturbatively, i.e. M can be
expressed as a power series in g and for small enough g higher orders can be truncated.
The series can be illustrated by Feynman diagrams with increasing number of loops
and vertices. In renormalizable theories only 3-point and 4-point interaction vertices
are allowed.
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2. The Minimal Supersymmetric
Standard Model

2.1. Motivation

Though the SM is a very successful theory that describes nearly all experimental results
so far with high precision, there are a few open questions that cannot be answered
within the SM. The MSSM is the minimal supersymmetric extension of the SM which
addresses some of the problems and open questions. In this section we list the most
important shortcomings of the SM and briefly sketch possible solutions.

One important remaining issue in the SM is the hierarchy problem: The mass of the
Higgs boson is not given in the SM, but the highest possible value for mH is about 1
TeV, since otherwise unitarity would be violated in certain scattering processes, and
the SM would become inconsistent. Electroweak precision observables favour a much
lower value of mH ≈ 100 GeV, whereas the lower mass limit from experimental searches
is 114.4 GeV [47]. As we mentioned before, the SM does not include gravity, therefore
it fails at least at MPlanck = 1019 GeV, where quantum gravitational effects become
important. This implies that the SM must be the effective limit of a more fundamental
theory, so it can only be valid up to a cutoff scale Λ, at which new physics appear. The
Higgs mass can be calculated as

m2
H = m2

H,0 +∆m2
H , (2.1)

where m2
H,0 is the bare mass that appears in the Lagrangian and ∆m2

H contains the
higher order corrections. Calculating one-loop corrections from a fermion loop to the
Higgs mass and cutting off the integrals at Λ yields

∆m2
H =

λ2

8π2
Λ2 + ... , (2.2)

where λ is the coupling of the fermion to the Higgs field, which is ≈ 1 for heavy quarks.
The ellipsis denote terms proportional to m2

f that grow at most logarithmically with
Λ. This means that for Λ = MPlanck the corrections to the Higgs mass are of the
size ∆m2

H ≈ 1038 GeV2. But we know that that mH . 1 TeV, so m2
H . 106 GeV2,

which means that immense cancellation between m2
H,0 and ∆m2

H is necessary (extreme
’fine-tuning’). This seems very unnatural and is known as the hierarchy problem.

13



2. The Minimal Supersymmetric Standard Model

In SUSY all fermions have superpartners which give additional corrections to the
Higgs mass

∆m2
H =

λ2
S

8π2
Λ2 + ... . (2.3)

With λ2
S = −λ2 the quadratic divergencies cancel and the Higgs mass is stable. In

unbroken supersymmetry the superpartners have the same mass as the fermions, then
the Higgs mass corrections cancel completely. But as we will argue in the next section,
supersymmetry must be a broken, which implies that the masses of the superpartners
differ from the mass of the SM particles: m2

f̃
= m2

f +∆2. This is not a problem, as long

as the relation between the couplings remains unchanged. Small logarithmic corrections
to the Higgs masses is acceptable. As long as the splitting between the masses of the
SM and the SUSY particles is not too large, SUSY provides an appealing solution of
the hierarchy problem.
So far there is no consistent quantum field theory describing all interactions includ-

ing gravitation, but the algebra of general relativity, the framework in which gravity
is described, is part of the local SUSY algebra, witch gives a natural connection be-
tween these two theories and makes the supersymmetry based approaches to describe
gravitation particularly promising.
Another striking quality of SUSY is that the unification of the couplings of the three

forces at a high energy scale, which is not possible in the SM, appears naturally in
electroweak scale SUSY, even though it was not specially constructed for that pur-
pose. Theories in which the three interactions merge are called Grand Unified Theories
(GUTs).
Finally we want to mention two more astrophysical observations, that indicate that

the SM cannot be the complete theory, but must be embedded in a more fundamental
theory, like the MSSM. This first observation is the baryon asymmetry in the universe.
This discrepancy cannot be explained by just the CP-violation from the CKM phase in
the SM alone and indicates, that further sources of CP-violation must exist. Secondly it
is required by cosmological measurements that 23% of the total energy in the universe
is in the form of cold dark matter. If elementary particles make up for dark matter
they can at most interact weakly with other particles and they have to be stable over
cosmological timescales. The SM does not provide any such candidate for dark matter,
while in the MSSM the lightest SUSY particle can be be a suitable candidate.

2.2. Theory

A supersymmetric transformation Q acting on a fermionic state gives a bosonic state
and vice versa. The spin 1/2 fermions get spin 0 superpartners called sfermions. Left
and right handed fermions have different superpartners, resulting in two up-type squarks
ũL,R, two down-type squarks d̃L,R, two sleptons l̃L,R and a sneutrino ν̃ for each of
the three generations. The gauge bosons are assigned fermionic superpartners called

14



2.3. Particle content of the MSSM

gauginos, composed of a wino W̃±, a zino Z̃, a photino γ̃ and a gluino g̃. Instead of one
Higgs doublet, as in the SM, the MSSM has two Higgs doublets, involving five physical
Higgs bosons. The fermionic superpartners of the Higgs bosons are the Higgsinos H̃.
Each particle and its superpartner have identical quantum numbers except for the spin.
This implies that, in an unbroken supersymmetric model, particles and antiparticles
have degenerate masses.
But since no superparticles have been observed experimentally yet, supersymmetry,

if existing, cannot be an exact symmetry and must be spontaneously broken. The
breaking is described by explicitly adding terms, called soft breaking terms, to the
Lagrangian density. Not to reintroduce quadratic divergencies and therewith the hi-
erarchy problem, the relation between the dimensionless couplings λ and λS must be
maintained, which is the meaning of the term ’soft’.
Lepton and baryon number conservation have experimentally been probed precisely

and have been confirmed. Whereas in the SM these symmetries result directly from
the theory requirements, in supersymmetric models lepton and baryon number can be
violated, which would lead to an unstable proton. This problem can be solved by
requiring that every coupling in the MSSM preserves R parity

R = (−1)3B+L+2S =

{

+1 for SM particles

−1 for SUSY particles
(2.4)

where B is the Baryon number (quarks have baryon number +1
3
, the antiquarks have

baryon number −1
3
), L the Lepton number (leptons have lepton number +1), the an-

tileptons have lepton number −1) and S is the spin. The conservation of R parity
implies that supersymmetric particles can only be produced in pairs and that the light-
est supersymmetric particle (LSP) is stable.

2.3. Particle content of the MSSM

In this section the particle sectors of the MSSM, that do not exist in the SM or differ
from it, are described. The conventions and notations are introduced and formulas
needed for the work in this thesis are presented.

2.3.1. Sfermion sector

In the MSSM Lagrangian the masses of the sfermions, f̃ , superpartners of quarks and
leptons, are described by the mass term

Lm
f̃
= −1

2

(

f̃ †
L, f̃

†
R

)

Mf̃

(

f̃L
f̃R

)

. (2.5)

Mf̃ is the sfermion mass matrix

Mf̃ =

(

M2
L +m2

f mfX
∗
f

mfXf M2
R +m2

f

)

(2.6)
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2. The Minimal Supersymmetric Standard Model

with

M2
L = M2

f̃L
+M2

Z cos 2β(If3 −Qfs
2
W )

M2
R = M2

f̃R
+M2

Z cos 2βQfs
2
W

Xf = Af − µ∗{cotβ, tanβ} ,

(2.7)

where in the last line cot β refers to up-type fermions and tanβ to down-type fermions.
Mf̃L

and Mf̃R
denote the soft SUSY breaking parameters. For right-handed fermions

the soft SUSY breaking parameters can be chosen independently for leptons, up-type
quarks and down-type quarks, whereas for left-handed fermions SU(2) gauge invariance
requires the soft SUSY breaking parameters for up- and down-type quarks to be equal.
Our calculation is done for the general case of five independent soft SUSY breaking
parameters, however in the numerical evaluation only scenarios in which all Mf̃L

and
Mf̃R

are set equal to MSUSY are considered. We are looking at the MSSM with complex
parameters, in the following often referred to as complex MSSM or cMSSM. In this
extended model, the sfermion sector can have Nf+1 complex phases Af = |Af | exp iφAf

and µ = |µ| exp iφµ, where Nf is the number of fermions.

The mass eigenstates of the sfermions arise from the left- and right-handed states f̃L
and f̃R via a rotation by an angle θf̃

(

f̃ ′
1

f̃ ′
2

)

=

(

cos θf̃ sin θf̃
− sin θf̃ cos θf̃

)(

f̃L
f̃R

)

.

In our convention f̃1 is always lighter than f̃2. If mf̃ ′
1
< mf̃ ′

2
we set f̃1 = f̃ ′

1 and

f̃2 = f̃ ′
2, otherwise

(

f̃1
f̃2

)

=

(

0 1
1 0

)(

f̃ ′
1

f̃ ′
2

)

.

In terms of the sfermion masses mf̃ ′
1

and mf̃ ′
2

and the mixing angle θf̃ the mass ma-

trix (2.6) can also be written as

Mf̃ =

(

cos2 θf̃m
2
f̃ ′
1

+ sin2 θf̃m
2
f̃ ′
2

sin θf̃ cos θf̃ (m
2
f̃ ′
1

−m2
f̃ ′
2

)

sin θf̃ cos θf̃(m
2
f̃ ′
1

−m2
f̃ ′
2

) sin2 θf̃m
2
f̃ ′
1

+ cos2 θf̃m
2
f̃ ′
2

)

. (2.8)

By comparison of the two descriptions one obtains expressions for the sfermion masses
and mixing angles.

The off-diagonal entries ofMf̃ , see (2.6), are proportional to the mass of the associated
fermion. Therefore the effect of sfermion mixing is exiguous, apart from the stop and (for
large tanβ) the sbottom sector. If mixing is neglected cos θf̃ = 1 and mf̃ ′

1,2
= mf̃L,R

.

Our analytic results allow free choices of all Af , while in the numerical analysis, we
choose Af = At for all sfermions.
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2.3. Particle content of the MSSM

2.3.2. Higgs sector

Unlike the Higgs sector of the SM, the Higgs sector of the MSSM cannot be of the
minimal type, but needs two Higgs doublets to give masses to up-type and down-type
fermions. The two Higgs doublets in the complex MSSM, with opposite hypercharge
−YH1

= YH2
= 1, are

H1 =

(

v1 +
1√
2
(φ0

1 + iχ0
1)

−φ−
1

)

H2 = eiξ
(

φ+
2

v2 +
1√
2
(φ0

2 + iχ0
2)

)

, (2.9)

where v1 and v2 are the vacuum expectation values of the two doublets. The Higgs
potential of the MSSM, the supersymmetric analogue to (1.10), is

V = m2
1H1H̄1 +m2H2H̄2 −m2

12(ǫabH
a
1H

b
2 + h.c.)

+
g2 + g′2

8
(H1H̄1 −H2H̄2)

2 +
g2

2
|H1H̄2|2 ,

(2.10)

where m2
1,2 = m̃2

1,2 + |µ|2 are the mass parameters and m̃2
1,2 and m12 the soft breaking

parameters, of which m12 can be complex but its phase can be rotated away. ǫab is
the two-dimensional antisymmetric tensor and g and g′ the gauge couplings given in
Table 1.1.
In order to fulfill the minimum condition of the Higgs potential, the complex phase

ξ has to vanish at tree-level. First we will discuss the tree level case, where we have no
CP violation. There are eight degrees of freedom, from which five physical Higgs and 3
unphysical Goldstone bosons (which become the longitudinal mode of the Z0 and W±

bosons) originate. The fields φ0
1 and φ0

2 mix and form the CP-even mass eigenstates H
and h. The neutral CP-odd state A and the neutral Goldstone boson G are obtained
from the mixing of the states χ0

1 and χ0
2. The mixing of φ±

1 and φ±
2 (φ+

1 is defined as
(φ−

1 )
∗ and φ−

2 as (φ+
2 )

∗) described by the same angle gives the charged Higgs H± and
the charged Goldstone bosons G±:

(

H
h

)

=

(

cosα sinα
− sinα cosα

)(

φ0
1

φ0
2

)

(

G
A

)

=

(

cos β sin β
− sin β cos β

)(

χ0
1

χ0
2

)

(

G±

H±

)

=

(

cos β sin β
− sin β cos β

)(

φ±
1

φ±
2

)

.

(2.11)

The angles α and β are defined as

tan β =
v2
v1

, tan 2α =
m2

A +m2
Z

m2
A −m2

Z

tan 2β . (2.12)

Corresponding to the SM case (2.13) the generated gauge boson masses are

MW = cWMZ =
1

2
g
√

v21 + v22. (2.13)
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2. The Minimal Supersymmetric Standard Model

Expressing the Higgs doublets in terms of the mass eigenvalues and using that v1 and
v2 minimize the potential, one finds the tree-level mass relations

m2
A =

2m2
12

sin 2β

m2
H,h =

1

2

(

m2
A +M2

Z ±
√

(m2
A +M2

Z)
2 − 4M2

Zm
2
A cos2 2β

)

m2
H± = m2

A +M2
W± .

(2.14)

At tree level the MSSM Higgs sector is fully described by two new parameters, often
chosen as mA and tan β.

Higher order corrections to the Higgs masses can be sizable and must be included.
Particularly important are the one- and two-loop contributions from the t/t̃ sector.
Beyond tree-level CP-violating effects appear in the cMSSM. When loops are included,
the Higgs sector depends also on other SUSY parameters, some of which can be complex
(Af and µ), inducing a mixing between h, H and A. In that case usually mH± instead
of mA is taken as input value. The Higgs masses in the cMSSM, including one- and
two-loop corrections, are calculated in FeynHiggs [48] (see section 4.2). For a detailed
discussion on the loop corrections in the Higgs sector of the cMSSM we refer to Ref. [49].

2.3.3. Chargino sector

The fermionic superpartners W̃±, Z̃, Ã and H̃ of the SM gauge bosons and the Higgs
fields are not mass eigenstates. The charged Higgsinos and gauginos mix into charginos
χ̃±
1,2, whose mass matrix is given by

X =

(

M2

√
2MW sin β√

2MW cos β µ

)

, (2.15)

with the soft breaking parameter M2. Using a singular value decomposition, the mass
matrix can be diagonalized with two unitary matrices U and V

U∗XV † =

(

mχ̃+
1

0

0 mχ̃+
2

)

(2.16)

and one finds the eigenvalues

m2
χ̃+
1,2

=
M2

2 + |µ|2 + 2M2
W

2
∓

√

(

M2
2 + |µ|2 + 2M2

W

2

)2

− |M2
W sin 2β − µM2|2 . (2.17)
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2.3.4. Neutralino sector

Neutralinos, χ̃0
i (i ∈ {1, 2, 3, 4}), are fermions which evolve from the mixing of the

neutral Higgsinos, the Zino and the Photino (similar to the SM the latter two are
composed of Bino and Wino) via the matrix

Y =









M1 0 −MZsW cos β MZsW sin β
0 M2 MZcW cos β −MZcW sin β

−MZsW cos β MZcW cos β 0 −µ
MZsW sin β −MZcW sin β −µ 0









. (2.18)

The neutralino masses are obtained by a diagonalization of the mass matrix with a
unitary transformation matrix N

N∗Y N † =









mχ̃0
1

0 0 0

0 mχ̃0
2

0 0

0 0 mχ̃0
3

0

0 0 0 mχ̃0
4









. (2.19)

In our calculation the computation of the eigenvalues of a complex 4×4 matrix is done
in FeynHiggs (see section 4.2).
In the chargino and neutralino sector M1 and M2 can (in addition to µ) be complex.

However, there are only two physical phases and one of the phases, usually M2, can be
rotated away.

2.3.5. Gluinos

Gluinos are the spin 1/2 superpartners of the gluons. Gluons exist in eight color states.
Correspondingly there are also eight gluinos that all get the same Majorana mass

mg̃ = |M3|. (2.20)

In the cMSSM M3 can be complex, M3 = |M3|eiφM3 .
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3. Regularization and
renormalization

3.1. Regularization

For the perturbative evaluation of a quantum field theory, loops have to be included.
The loop diagrams contributing to a propagator are combined into a quantity called
the self-energy Σ,

(3.1)

which is the sum of all one-particle irreducible loop diagrams. Irreducible means that
the diagram cannot be cut into two (non-trivial) parts by cutting a single line. The full
propagator, D, can then be calculated by summing over all diagrams with an increasing
number of self-energy corrections to the tree-level propagator D0

iD = iD0 + iD0(iΣ)iD0 + iD0(iΣ)iD0(iΣ)iD0 + ...

= iD0
(

1− ΣD0 + (ΣD0)2 − ...
)

= iD0
∞
∑

n=1

(

−ΣD0
)n

= iD0 1

1 + ΣD0

(3.2)

with the result

(D)−1 = (D0)−1 + Σ . (3.3)

The self-energy of a gauge boson can be written as

Σµν

(

p2
)

=

(

−gµν +
pµpν
p2

)

ΣT

(

p2
)

− pµpν
p2

ΣL

(

p2
)

(3.4)
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where ΣT (p2) is the transverse part and ΣL (p
2) the longitudinal part of the gauge

boson self-energy.
The fermion self-energy can be split into a vector, an axial vector, a scalar and a

pseudoscalar part

Σ (p) = /pΣV

(

p2
)

+ /pγ
5ΣA

(

p2
)

+mfΣS

(

p2
)

+mfγ
5ΣP

(

p2
)

(3.5)

with γ5 = iγ0γ1γ2γ3 ∝ ǫµνρσγµγνγργσ, or alternatively into left and right handed parts

Σ (p) =
1

2
/p
(

1− γ5
)

ΣL

(

p2
)

+
1

2
/p
(

1 + γ5
)

ΣR

(

p2
)

+
1

2
mf

(

1− γ5
)

ΣL′

(

p2
)

+
1

2
mf

(

1 + γ5
)

ΣR′

(

p2
)

(3.6)

with

ΣR

(

p2
)

= ΣV

(

p2
)

+ ΣA

(

p2
)

ΣL

(

p2
)

= ΣV

(

p2
)

− ΣA

(

p2
)

,
(3.7)

and

ΣR′

(

p2
)

= ΣS

(

p2
)

+ ΣP

(

p2
)

ΣL′

(

p2
)

= ΣS

(

p2
)

− ΣP

(

p2
)

.
(3.8)

To calculate the loop diagrams an integration over all four-momentum of the off-
shell particle in the loop must be performed, which generally yields UV-divergencies.
To get finite results the concepts of regularization and renormalization are needed.
Regularization introduces a new parameter δ, in a way that the original theory is
retrieved for δ → δ0. The loop integral is finite for δ 6= δ0, but has a pole at δ = δ0.
Only after renormalization (see section 3.2) the limit δ → δ0 can be taken and finite
results (Green functions) in terms of renormalized parameters are obtained. There are
several different regularization schemes which do not necessarily yield the same result
for a specific loop diagram, but the results for physical observables must always be
independent of the regularization scheme. If a regularization scheme that breaks the
symmetry of the theory is chosen, this needs to be corrected by symmetry-restoring
terms. The three different regularization schemes used in our work will be introduced
in the next sections.

3.1.1. Dimensional Regularization

Dimensional Regularization (DR) [50] is a regularization method introduced by t’Hooft
and Veltman (1972) which features an elegant convenient formalism for simple loop
calculations. In DR the definition of momenta and Lorentz covariants is extended
from 4 to D = 4 − ǫ dimensions. Identities of metric tensors and Dirac matrices in D
dimensions are listed in appendix B.1.
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3.1. Regularization

A difficulty arises in chiral theories, since γ5 is a four-dimensional object with no
natural continuation to D dimensions. Ref. [51] introduces a naive scheme with an
anticommuting γ5 in all dimensions that can be used for one-loop calculations.

With the extension of space-time dimensions also the integrals have to be calculated
in D = 4 − ǫ instead of 4 dimensions and the crucial point of DR is that the integrals
that are UV-divergent in 4 dimensions are convergent for ǫ 6= 0

∫

d4q

(2π4)
→ µ4−D

∫

dDq

(2π)D
. (3.9)

An arbitrary energy scale µ is introduced here to keep the couplings dimensionless.
At one-loop order any of these loop integrals can be decomposed into scalar one-loop
integrals, that do not contain any Lorentz index in the numerator. The scalar inte-
grals we used are derived and listed in appendix B.2. In the result, one finds terms
proportional to 1

ǫ
, terms independent of ǫ and terms proportional to ǫ. By appropriate

renormalization, the terms with 1
ǫ
can be subtracted and then the limit ǫ → 0 can be

taken.

3.1.2. Dimensional Reduction and Constrained Differential
Renormalization

Dimensional Regularization is known to give problems in supersymmetric models since
an action which is supersymmetric in 4 dimensions does not have to remain supersym-
metric in D 6= 4 dimensions [52].

For loop calculations in supersymmetric theories Dimensional Reduction [53, 54]
(DRED), a modified version of DR, is commonly used, in which supersymmetric iden-
tities have been verified up to the two-loop level [54, 55]. In DRED the integration
momenta are D dimensional as in DR, while the Dirac algebra is kept four dimensional.
This method has successfully been used for many calculations in supersymmetric the-
ories.

For the calculation of diagrams containing SUSY particles we use Constrained Dif-
ferential Renormalization (CDR) [56], an alternative method for the calculation of loop
integrals in 4 dimensions, which preserves supersymmetry and gauge invariance at one-
loop level. In CDR the Feynman diagrams are reduced to a sum of (divergent) basic
functions and their derivatives. The renormalized diagram is described by the same
sum but with renormalized basic functions. CDR works in coordinate space, but us-
ing Fourier transformation it is possible to convert the basic functions into momentum
space, where they correspond to the tensor integrals of DR. This allows us to express
our results for SUSY diagrams, calculated in CDR, in the same way as our SM results,
meaning in terms of the standard one-loop integrals in appendix B.2.

In fact it has been shown that CDR is equivalent to Dimensional Reduction at one-
loop level [57].
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3.1.3. Pauli-Villars regularization

For one particular diagram that we will discuss below the calculation in D dimensions
is problematic and the Pauli-Villars Regularization is used instead. In this method an
additional propagator of a fictitious heavy photon is introduced which is subtracted
from the original photon propagator

1

k2
→ 1

k2
− 1

k2 − Λ2
. (3.10)

Λ is the introduced mass regulator. After this replacement, the former divergent in-
tegrals can then be calculated in 4 dimensions and the original theory is regained for
Λ → ∞.

3.2. Renormalization

Theories, like the SM or the MSSM, involve several free parameters that have to be
determined by experiments. At tree level the relation between these parameters and the
experimental quantities is often intuitive, but including radiative corrections alters this
relation and changes the physical interpretation of the parameters in the Lagrangian
density (’bare’ parameters). A redefinition (or renormalization) of the parameters is
then required.
The concept of renormalization (using the counter term approach) is the following:

The bare parameters are expressed in terms of renormalized parameters and renormal-
ization constants (= counter terms), where the renormalization constants contain the
divergencies and the renormalized parameters are finite. The counter terms are fixed
by renormalization conditions. Different renormalization conditions can be chosen, the
ones we use are given in the next section. The renormalized parameters can be related
to physical, measurable quantities and are fixed by experiments. In renormalizable the-
ories the divergencies have to cancel in relations between physical quantities. t’ Hooft
showed that all nonabelian gauge theories with spontaneous symmetry breaking, as the
SM, are renormalizable [58].
For our work only the renormalization of the electroweak SM is needed, since we

calculate only one-loop corrections and the considered tree-level diagram contains only
SM particles. Therefore we will limit our discussion of renormalization in the following
to this part of the theory. Also the renormalization of the gauge-fixing sector and the
renormalization of tadpoles is not shown here, since they only contribute in higher
orders. For a comprehensive review of the renormalization of the SM, we refer to
Ref. [42]. Neglecting quark mixing the parameters of the electroweak SM can be chosen
as the gauge boson masses MW and MZ , the Higgs mass MH , the fermion masses mf ,
and the electric charge e, which is defined by

e =
gg′

√

g2 + g′2
. (3.11)
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3.2.1. On-shell renormalization

The renormalization of a theory is not unique and different approaches can be used.
It is fixed by a renormalization scheme, which gives the renormalization conditions.
The most prominent ones are the minimal subtraction MS (and the modified MS,
short MS) scheme, where only the UV-divergence is absorbed in the renormalization
constant, and the on-shell scheme. The on-shell scheme has the advantage, that all pa-
rameters have a direct physical meaning and can be determined directly in experiments,
which makes it suitable for many applications. The on-shell renormalization scheme is
used for this work and presented in this section.
Following the steps described in the previous section, the bare parameters are re-

placed by renormalized parameters and renormalization constants. The renormalized
parameters are finite, while the UV divergencies are contained in the renormalization
constants. The renormalized parameters and renormalization constants of the elec-
troweak SM are defined by

e0 = Zee = (1 + δZe)e

M2
W,0 = M2

W + δM2
W

M2
Z,0 = M2

Z + δM2
Z

M2
H,0 = M2

H + δM2
H

mf,0 = mf + δmf ,

(3.12)

where the bare parameters are denoted by the index 0. With these renormalization
constants the S-matrix elements are finite.
In order to get finite Green functions, it is useful to define renormalized fields

W±
0 = Z

1/2
W W± = (1 +

1

2
δZW )W±

(

Z0

A0

)

=

(

Z
1/2
ZZ Z

1/2
ZA

Z
1/2
AZ Z

1/2
AA

)

(

Z
A

)

=

(

1 + 1
2
δZZZ

1
2
δZZA

1
2
δZAZ 1 + 1

2
δZAA

)(

Z
A

)

H0 = Z
1/2
H H = (1 +

1

2
δZH)H

fL
i,0 = Z

1/2,f,L
ij fL

j = (δij +
1

2
δZf,L

ij )fL
j

fR
i,0 = Z

1/2,f,R
ij fR

j = (δij +
1

2
δZf,R

ij )fR
j .

(3.13)

Using the relations between bare and renormalized parameters and fields, given in (3.12)
and (3.13), the Lagrangian can be split into two parts

L0 = L+ δL. (3.14)
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3. Regularization and renormalization

The Lagrangian L looks like the bare Lagrangian L0 but with renormalized parameters,
and δL contains the counter terms. From this Lagrangian we get an extended set of
Feynman rules, consisting of the ’original’ Feynman rules with renormalized parameters
and additionally new Feynman rules for the counter terms.
We fix the renormalization constants by the on-shell renormalization conditions, de-

manding that the renormalized mass parameters are equal to the real parts of the
propagator poles, that the residues of the renormalized propagators are equal to 1 and
that e is the elementary charge from Thomson-scattering, resulting in vanishing loop
contributions to the eeA vertex on-shell and for zero momentum transfer. From these
conditions the renormalization constants are calculated. At one loop level one finds
for the mass and field renormalization constants: (for a more detailed derivation see
Ref. [42])

δM2
W = ReΣW

T (M2
W )

δZW = −Re
∂ΣW

T (k2)

∂k2
|k2=M2

W

δM2
Z = ReΣZZ

T (M2
Z)

δZZZ = −Re
∂ΣZZ

T (k2)

∂k2
|k2=M2

Z

δZAZ = −2Re
ΣAZ

T (M2
Z)

M2
Z

δZZA = 2
ΣAZ

T (0)

M2
Z

δZAA = −ΠAA(0)

δM2
H = ReΣH(M2

H)

δZH = −Re
∂ΣH(k2)

∂k2
|k2=M2

H

δmf =
mf

2
Re
(

Σf
L(m

2
f ) + Σf

R(m
2
f ) + 2Σf

S(mf
2)
)

δZf,L = −ReΣf
L(m

2
f )−m2

f

∂

∂p2
Re
[

Σf
L(p

2) + Σf
R(p

2) + 2Σf
S(p

2)
]

|p2=m2
f

δZf,R = −ReΣf
R(m

2
f )−m2

f

∂

∂p2
Re
[

Σf
L(p

2) + Σf
R(p

2) + 2Σf
R(p

2)
]

|p2=m2
f
.

(3.15)

Here Π is defined as

ΠAA(k2) =
ΣAA

T (k2)

k2
, (3.16)

so

ΠAA(0) =
∂ΣAA

T (k2)

∂k2
|k2=0, (3.17)
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3.2. Renormalization

since ΣAA
T (0) = 0.

The on-shell renormalization condition for the electric charge gives the renormaliza-
tion constant

δZe = −1

2
δZAA − sW

cW

1

2
δZZA =

1

2

∂ΣAA
T (k2)

∂k2
|k2=0 −

sW
cW

ΣAZ
T (0)

M2
Z

. (3.18)

Sine and cosine of the weak mixing angle are not independent parameters in the on-shell
renormalization scheme. Their counter terms

sW,0 = sW + δsW , cW,0 = cW + δcW (3.19)

are fixed by the weak gauge boson mass counter terms. Since they are frequently used,
we list their counter terms here as well:

δcW
cW

=
1

2

(

δM2
W

M2
W

− δM2
Z

M2
Z

)

=
1

2
Re

(

ΣW
T (M2

W )

M2
W

− ΣZZ
T (M2

Z)

M2
Z

)

δsW
sW

= −c2W
s2W

δcW
cW

= −1

2

c2W
s2W

Re

(

ΣW
T (M2

W )

M2
W

− ΣZZ
T (M2

Z)

M2
Z

)

.

(3.20)

27





4. Technical aspects of the
calculations

4.1. FeynArts, FormCalc and LoopTools

For the determination of the W boson mass many Feynman diagrams have to be calcu-
lated. In the SM the one-loop calculation could still be done by hand with a reasonable
effort. However, the proliferation of contributing diagrams makes the same rather cum-
bersome in the MSSM. Therefore the calculations in this thesis for both the SM and
the MSSM are done by using the Mathematica based programs FeynArts∗ [59] and
FormCalc† [57]. FeynArts generates the amplitudes of the Feynman diagrams, which
are then calculated using FormCalc. It returns the results in a way that is applicable
for further numerical evaluation. FormCalc has a Mathematica user interface but in-
ternally the actual computation is mainly done in FORM [60]. Our approach to the
calculation, using these programs, is presented in the following.
First the diagrams are produced in two steps by FeynArts :

1. To begin with the number of incoming and outgoing particles and the loop order of
the desired diagrams are defined. Then FeynArts creates all possible topologies,
meaning sets of lines (propagators) and connection points (vertices). The set
of topologies can be adjusted to a special purpose by demanding certain shapes
(triangle, box etc) or manually excluding the undesired topologies.

2. In the next step the incoming and outgoing fields are inserted into the topologies.
Restrictions on the intermediate particles can be imposed to obtain only the
diagrams that should be computed. For this step FeynArts needs a model file,
which specifies the particles and interactions in a certain model. We used the
FeynArts model files for the SM and the MSSM. FeynArts distinguishes between
three levels of fields: generic fields (e.g. fermions), class fields (e.g. leptons) or
particle fields (e.g. electron). Making use of this concept highly simplifies the
generation of all desired diagrams.

Once the diagrams have been created, FeynArts applies the Feynman rules to pro-
duce the actual amplitudes. The amplitude output has a complicated structure, which
provides the basis for further computation in FormCalc.

∗Version FeynArts 3.5
†Version FormCalc 6
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4. Technical aspects of the calculations

Before FormCalc calculates the amplitude, the regularization scheme must be defined.
DR is used for SM diagrams and CDR for diagrams containing SUSY particles. In
addition we specify that fermion chains should be returned in Dirac notation. FormCalc
then contracts the indices, evaluates the fermion traces, simplifies open fermion chains
using the Dirac equation and finally performs the reduction of the tensor integrals (for
an explanation of tensor integrals see appendix B). More details about our calculation
are presented in sections 6 and 7. In the numerical analysis of our results, we use
LoopTools‡ [57] for the evaluation of the one-loop tensor integrals.
At this point we want to mention one peculiarity that must be considered when

working in both models, SM and MSSM, with FeynArts. For historical reasons, the
covariant derivative is defined differently in the two model files. In the SM model file
the covariant derivative is defined as in (1.8), but the first minus sign is replaced by a
plus sign in the MSSM model file. As a consequences, sW has to be replaced by −sW in
the Feynman rules and an additional minus sign must be added for every Higgs field in
a coupling. We adopt this convention, so that all formulas in this work are consistent
with FeynArts results.

4.2. FeynHiggs

All masses and mixing matrices in the SUSY sector are calculated in FeynHiggs§ [48],
a FORTRAN code for the calculation of the Higgs masses and other parameters and
observables in the complex MSSM. For the calculation of the Higgs masses the full
one-loop result and leading two-loop corrections are taken into account.
The diagonalization of the neutralino mass matrix is done in FeynHiggs via the Takagi

factorization, a diagonalization method for complex symmetric matrices based on the
Jacobi algorithm [61].

‡Version LoopTools 2.5
§Version FeynHiggs 2.7.0
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5. Determination of the W-boson
mass

5.1. Muon decay

Muons decay via the weak interaction almost exclusively into eν̄eνµ. The decay was
originally described in the Fermi model, which is an effective theory that evolves from
the SM in the limit of small momentum transfer. It is non-renormalizable and violates
the unitarity of the S-matrix at higher orders. Within the Fermi model the muon decay
is described by a local four-coupling of the four fermions, as depicted in Figure 5.1. The
tree-level matrix element for this decay is

MFermi =
4Gµ√

2

(

ūνµγλω−uµ

) (

ūeγ
λω−vνe

)

, (5.1)

where Gµ is the Fermi constant and ω± = (1 ± γ5)/2 the projection operators. The
value of Gµ is not given in the Fermi model but can be obtained from the muon decay
width.
The differential width of this decay can be calculated from the matrix element via

dΓFermi
µ =

1

2mµ
|MFermi|2(2π)4δ(4)(pµ − pνµ − pe − pνe)

∏

f=νµ,νe,e

d3pf

(2π)3
1

2Ef
(5.2)

where p = (E,p) denotes the four-momentum of the particles. Calculating dΓ and
integrating over the phase space, one finds the tree-level decay width

ΓFermi
µ =

G2
µm

5
µ

192π3
F

(

m2
e

m2
µ

)

, (5.3)

with
F (x) = 1− 8 + 8x3 − x4 − 12x2 ln x. (5.4)

When QED radiative corrections are factored into the decay width, (5.3) gets modified.
ΓFermi
µ can then be written as

ΓFermi
µ =

G2
µm

5
µ

192π3
F

(

m2
e

m2
µ

)

(1 + ∆q) , (5.5)

where the added term ∆q contains the electromagnetic corrections to the four-fermion
contact vertex. The exact first order corrections to ∆q [62–64] and the second order

31



5. Determination of the W-boson mass

µ−

νµ

e−

νe

Figure 5.1.: Muon decay in the Fermi model. Tree level diagram with four-fermion
vertex.

corrections in the limit me → 0 [65–67] have been known for some time, and the second
order result has recently been extended to the case of finite me [68].
The Fermi constant, Gµ, is defined by (5.5) and therefore incorporates the QED

corrections. Thus, with the precisely calculated ∆q and the alike precise measurement
of the muon life time, Gµ is determined with high accuracy. In this work we use the
currently most precise value [69]

Gµ = 1.1663788(7)× 10−5 GeV−2. (5.6)

Nowadays the Fermi model is known to be inconsistent and the muon decay is de-
scribed in the electroweak SM. At lowest order the matrix element, called Born matrix
element, for the muon decay in the SM via a W-boson exchange (shown in Figure 5.2)
is

MBorn =

(

ūνµ

ie√
2sW

γλω−uµ

)

1

q2 −M2
W

(

ūe
ie√
2sW

γλω−vνe

)

≈ e2

2s2WM2
W

(

ūνµγλω−uµ

) (

ūeγ
λω−vνe

)

,

(5.7)

where the second line of (5.7) results from neglecting the momentum transfer q2 and
hence the masses and momenta of the external particles. To legitimate this approxi-
mation, one expands the full result for small q2 and finds that already the first term is
very small (≈ 10−6). This factor is put into ∆q and therefore already included in the
value of Gµ, even though it is numerically insignificant. There is another contributing
tree-level diagrams in the SM with an exchange of an unphysical Goldstone boson. But
the Goldstone fermion coupling is proportional to the fermion mass, so this diagram is
also negligible.
As the electroweak SM reproduces the Fermi model for vanishing momentum transfer,

the second line of (5.7) has to coincide with (5.1) and a comparison yields

Gµ√
2
=

e2

8s2WM2
W

=
π

2

αM2
Z

M2
W (M2

Z −M2
W )

. (5.8)
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µ−

νµ

e−

νe

W−

Figure 5.2.: Muon decay in the electroweak SM. Tree level diagram with W boson
exchange.

This equation provides a tree-level relation between the W boson mass and the SM
quantities MZ , Gµ and the electroweak coupling α = e2/4π, which are all known with
a very high precision of better than 0.05 per thousand.

5.2. Definition of ∆r

Aside from the already considered QED corrections, there are further loop contributions
that alter the relation between MW and other parameters of the SM (or other models
under consideration). We will study the effect of the additional loop diagrams, where
diagrams with Higgs-fermion interactions are omitted for light fermions, since the Higgs
fermion coupling is proportional to the small fermion mass.
After splitting off the ∆q part, all other radiative corrections can be reduced to a

term proportional to the Born matrix element, if masses and momenta of the external
fermions are neglected. Each of these loop diagrams can be written in the form

MLoop,i ∝
(

ūνµΓ
1
λuµ

) (

ūeΓ
λ
2vνe

)

, (5.9)

where Γ1 and Γ2 can be expressed in the orthonormal Dirac basis as

Γµ = aµω− + bµω+ + cµνγ
νω− + dµνγ

νω+ + eµνρσ
νρ , (5.10)

where σνρ is defined as σνρ = i/2[γν , γρ]. For massless fermions the helicity (spin
component in momentum direction) is conserved and equivalent to chirality. Since the
W boson only couples to left-handed particles, all couplings have to be left-handed,
which means that bµ, dµν and eµνρ are equal to zero. Additionally the term aµω− has to
vanish, since if the momenta are neglected, the coefficients aµ and cµν can only depend
on masses, coupling constants and the metric gµν , and it is impossible to form a vector
by combining scalars and tensors. Only the terms proportional to γνω− survive and
the matrix element of the loop diagram can be written as a proportionality factor ∆ri
times the Born matrix element

MLoop,i = ∆ri MBorn . (5.11)
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5. Determination of the W-boson mass

Taking into account all non-QED loop contributions, the relation in (5.9) gets a
correction factor (1 + ∆r)

Gµ√
2
=

e2

8s2WM2
W

(1 + ∆r) (5.12)

where ∆r represents the sum of all contributing loop diagrams. By rearranging for-
mula (5.12), the W boson mass can be calculated via

M2
W = M2

Z

(

1

2
+

√

1

4
− απ√

2GµM
2
Z

(1 + ∆r)

)

. (5.13)

In different models, different particles can occur as virtual particles in the loop con-
tributions to the muon decay. Therefore the quantity ∆r depends on the specific model
parameters and (5.13) provides a model dependent prediction for the W boson mass.
The comparison of the theoretical MW prediction with the current experimental result
for the W boson mass can be used either to test a model, or to constrain the model
parameters. The second opportunity is particularly important in the SM where it can
be used to set bounds on the Higgs mass.

Of course, ∆r also depends on MW itself, so practically MW is calculated iteratively,
using (5.13). In most cases this procedure converges quickly and only a few iterations
are needed.

5.3. Current status of the ∆r calculation

The calculation of ∆r in the SM is more advanced than in the MSSM and any other
model. Not only the complete one-loop [4,5] and two-loop [6–17] results are known, but
even leading three-loop [18–22] and four-loop [23,24] corrections have been obtained. In
the MSSM the one-loop result has been worked out completely [26–29], and additionally
some leading two-loop contributions [30–33] have been calculated.

We performed a new independent one-loop calculation in the SM and in the MSSM
with complex parameters, for a general set of MSSM parameters. SUSY-GUT relations
between the parameters are not assumed in the first place. Flavor violation, in the SM
and the MSSM, is not included in our calculation, but we plan to extend our result
also to models with a non-minimal flavor structure, where generation mixing is possible.
Furthermore we incorporated all known higher order corrections, of SM and SUSY type,
into our ∆r formula and gain the most precise prediction for the W boson mass in the
MSSM. The details of our calculation will be presented next.
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5.4. ∆r formula at one-loop order

5.4. ∆r formula at one-loop order

The one-loop radiative corrections consist of the W boson self-energy, vertex and box
diagrams and the related counter terms (CT)

∆r = W Self-energy + W Self-energy CT + Vertex + Vertex CT + Box

=
ΣWW

T (0)

M2
W

+

(

−δZW − δM2
W

M2
W

)

+ Vertex

+

(

2δZe − 2
δsW
sW

+ δZW +
1

2
(δZµ + δZe + δZνµ + δZνe)

)

+ Box .

(5.14)

Since the W boson appears only as a virtual particle, its field renormalization constant
δZW drops out in the ∆r formula. The self-energy of the W boson ΣWW (p2) has to be
calculated at p2 = 0, as we are neglecting the momentum transfer. From (3.4) it can
be seen that the two terms with p2 in the denominator must cancel in the limit p2 → 0
in order to retain a non divergent result for ΣWW , so

ΣT

(

p2 = 0
)

= ΣL

(

p2 = 0
)

and Σµν

(

p2 = 0
)

= −gµνΣT

(

p2 = 0
)

. (5.15)

The box diagrams are themselves finite, whereas the self-energy and vertex diagrams
are UV divergent, and their counter terms must be included to obtain a physical result.
For the determination of the counter terms the renormalization constants for the W
boson mass, the electric charge, the weak mixing angle and the fermion fields are needed,
which are given in (3.15)-(3.19). Inserting the (on-shell) renormalization constants (the
fermion field renormalization constants simplify to δZf

L = −ReΣf
L(0) when the fermion

masses are neglected) we find

∆r =
ΣWW

T (0)− Re
(

ΣWW
T (M2

W )
)

M2
W

+ΠAA (0)− c2W
s2W

Re

[

ΣZZ
T (M2

Z)

M2
Z

− ΣWW
T (M2

W )

M2
W

]

− 2
sW
cW

ΣAZ
T (0)

M2
Z

+ Vertex + Box− 1

2
Re
(

Σe
L(0) + Σµ

L(0) + Σνe
L (0) + Σ

νµ
L (0)

)

.

(5.16)

This formula only holds for ∆r in the SM. Considering the MSSM, the sign of sW has
to be changed, due to the different definition of the covariant derivative, as explained
in section 4.1. A modification of this formula for the MSSM will be given in section 7.1.
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6. Calculation of ∆r in the SM

6.1. One-loop contributions

To obtain the first order result for ∆r in the SM, the self-energy, vertex and box
diagrams in (5.16) need to be calculated at one-loop level. In doing so, the QED
corrections to the Fermi model have to be subtracted, according to the definition of
Gµ. For all SM one-loop diagrams, except for one box diagram that we will discuss
separately, the calculation is performed using DR.

In the following sections, the different types of SM one-loop diagrams will be shown,
the calculations will be described and, if possible, analytic results will be given.

6.1.1. Gauge boson self-energies

Apart from the treatment of the vacuum polarization ΠAA (see below) the calculation
of the gauge boson self-energies is straightforward. The contributions to the gauge bo-
son self-energies can be divided into diagrams with fermions in the loop (Figure 6.1),
diagrams with gauge bosons, Higgs and Goldstone bosons in the loop (Figure 6.2) and
into diagrams with ghost loops (Figure 6.3). The full contribution of fermion loops to
the gauge boson self-energies in ∆r is finite by itself, while the latter two contributions
only become finite together with the vertex and fermion self-energy contributions, dis-
cussed in the next sections. Analytic results for ΣWW

T , ΣZZ
T and ΣAZ

T are lengthy and
will not be given here.

The term ΠAA (0) arising from the charge renormalization needs special regard for

V1

V2

f1

f2

Figure 6.1.: Generic SM one-loop gauge boson self-energy diagram with a fermion
loop; V1, V2 = γ, Z, W± and f1, f2 = ν, l, u, d.
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(a)

V1 V2

V3

(b)

V1

V2

V3

V4

(c)

V1 V2

s1

(d)

V1

V2

s1

s2

(e)

V1

V2

s1

V3

Figure 6.2.: Generic one-loop gauge boson self-energy diagrams with gauge bosons,
Higgs and Goldstone bosons in the loop.
SM: V1, V2, V3, V4 = γ, Z, W± and s1, s2 = hSM, φ

±, χ.
MSSM: V1, V2, V3, V4 = γ, Z, W± and s1, s2 = h, H , A, H±, G,G±.

loops with light fermions. To treat this part separately we split ΠAA into three parts

ΠAA (0) = ΠAA
top quark (0) + ΠAA

bosons (0) + ΠAA
light fermions (0) . (6.1)

The function Π was defined in (3.16) and (3.17), and the parts ΠAA
top quark (0) and

ΠAA
bosons (0) can be obtained directly by calculating (∂ΣAA

T (k2)/∂k2)|k2=0. More difficult
is the term for the light fermions, because the calculation of

ΠAA
light fermions (0) =

∂ΣAA
T (k2)

∂k2
|k2=0,mf→0

(d)

V1

V2

u1

u2

Figure 6.3.: Generic SM one-loop gauge boson self-energy diagram with a ghost loop.
V1, V2 = γ, Z, W± and u1, u2 = uW±

, uZ , uA.
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6.1. One-loop contributions

yields terms proportional to log(µ2/m2
f ) (the energy scale µ was introduced in (3.9)),

that diverge for vanishing fermion masses.
To solve this problem ΠAA

light fermions is expanded in the following way

ΠAA
light fermions (0) = ΠAA

light fermions (0)− Re ΠAA
light fermions

(

M2
Z

)

+ Re ΠAA
light fermions

(

M2
Z

)

≡ ∆α + Re ΠAA
light fermions

(

M2
Z

)

.

(6.2)

The term Re ΠAA
light fermions (M

2
Z) can be calculated straightforward by neglecting the light

fermion masses. The UV-finite quantity

∆α = ΠAA
light fermions (0)− Re ΠAA

light fermions

(

M2
Z

)

= ΠAA
light fermions (0)− Re

ΣAA
T light fermions(M

2
Z)

M2
Z

,
(6.3)

describes the running of the electromagnetic coupling from q2 = 0, where light fermion
masses set the scale, to the electroweak scale q2 = M2

Z . ∆α can directly be calculated
for the light leptons. The one-loop result can be expressed in the easy form

∆αleptons =
α

3π

∑

l=e,µ,τ

(

log
M2

Z

m2
l

− 5

3

)

, (6.4)

and the three-loop calculation of Ref. [70] gives

∆αleptons = 0.0314976. (6.5)

The hadronic contribution cannot be calculated the same way, since the masses of
the light quarks are not known with sufficient accuracy. This makes a theoretical
determination impossible, and the hadronic contribution must instead be determined
from experimental measurements. ∆α is related to the measurable quantity

R(s) =
σ(e+e− → γ∗ → hadrons)

σ(e+e− → γ∗ → µ+µ−)
(6.6)

via the dispersion relation [71]

∆αhadrons = − α

3π
M2

ZRe

[
∫ ∞

4m2
π

ds
R(s)

s(s−M2
Z − iǫ)

]

, (6.7)

which has been used in Ref. [72] to calculate the currently most accurate value for the
hadronic contribution

∆αhadrons = (274.9± 1.0)× 10−4 . (6.8)

including new data from KLOE [73] and the available multi-hadron data from BABAR [74–
81]. Adding the leptonic and hadronic contributions, the final value for ∆α is

∆α = 0.0590± 0.0001. (6.9)
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l,ν

l,ν

l,ν

V

Figure 6.4.: Generic SM one-loop fermion self-energy diagram; V = Z, W±.

6.1.2. Fermion self-energies

The fermion self-energies contain contributions with photon exchange loops, which are
already included in the QED corrections to the Fermi model and therefore have to be
subtracted. With only this subtraction the result for ∆r is not finite anymore. But, as
we will show in section 6.1.4, there is another box diagram with photon exchange that
has to be subtracted for the same reason. The two appearing UV divergencies cancel to
give a finite final result for ∆r without QED corrections. A generic fermion self-energy
diagram is sketched in Figure 6.4.
For the calculation of ∆r the left-handed parts of the fermion self-energies are needed

(see (5.16)). These are obtained using (3.5) and (3.8), where the vector and axial-vector
parts can be projected out of the full Σf (p) by the traces

Tr( 6pΣ(p2)) = p2DΣV (p
2)

Tr( 6pγ5Σ(p2)) = −p2DΣA(p
2).

(6.10)

In Feynman-’t Hooft gauge, the result (calculated in DR) for the fermion-self energy
part in ∆r is

−1

2
Re
(

Σe
L(0) + Σµ

L(0) + Σνe
L (0) + Σ

νµ
L (0)

)

=

α

4π

1

4s2W

(

6c4W + 3

c2W
− 4

A0(M
2
W )

M2
W

−
(

4c4W − 4c2W + 2

c2W

)

A0(M
2
Z)

M2
Z

)

,

(6.11)

where A0 is the scalar one-loop one-point integral, defined in appendix B.2.

6.1.3. Vertex diagrams

Besides the self-energies, there are vertex and box diagrams contributing to the ∆r
one-loop result in the SM, the former shown in Figure 6.5. The same vertex corrections
exist also for the other, Weν̄e, vertex, and since the external fermion masses have been
neglected the contributions of the two vertex corrections are equal. All diagrams have
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6.1. One-loop contributions

(a)

µ

νµ

νe

e
W

Z

µ

νµ

(b)

µ

νµ

νe

e
W

νµ

W

Z

(c)

µ

νµ

νe

e
W

µ

γ,Z

W

Figure 6.5.: Vertex diagrams in the SM.
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Z,W

νe,e

νµ
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e
(b)
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γ

W

e

νµ

νe

e

Figure 6.6.: Box diagrams in the SM.

been calculated in DR, and the result for the ∆r contribution from the SM vertices can
be expressed in the compact form (in Feynman-’t Hooft gauge)

Vertex =
α

4π

1

4s2W

(

2− 3
M2

Z

M2
W

+
24(2M2

W −M2
Z)

M2
W −M2

Z

A0(M
2
W )

M2
W

+
2

s2W

(

14M4
W − 3M2

WM2
Z +M4

Z

M2
WM2

Z

)

A0(M
2
Z)

M2
Z

)

.

(6.12)

6.1.4. Box diagrams

The box diagrams contributing to muon decay in the SM are depicted in Figure 6.6. We
start the discussion of box diagrams with the box diagrams including a neutral weak
current (Figure 6.6(a)), since the one diagram with a QED correction (Figure 6.6(b)) is
particularly difficult and has to be discussed separately. Each box diagram is finite by
itself and can be calculated in four dimensions. The spinor structure can be converted
to that one of the Born matrix element using the Chisholm identity

γµγνγρ = −iǫµνρσγ
σγ5 + gµνγρ + gνργµ − gµργν,
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6. Calculation of ∆r in the SM

Figure 6.7.: Difference of the SM box diagram with photon exchange and the diagram
in the Fermi model with photon exchange.

where ǫµνρσ is the four-dimensional Levi-Civita tensor. In Feynman-’t Hooft gauge, the
result for all box diagrams, apart from the QED one, is

Box(a) =
α

4π

1

4s2W

10− 20s2W + 4s4W
s2W

(

A0(M
2
W )

M2
W

− A0(M
2
Z)

M2
Z

)

. (6.13)

This expression is finite, and the scalar integrals A0 have been introduced only to make
it easier to combine this result with the other terms in ∆r. The inserted divergencies
cancel, since the UV divergent part of A0(M

2) is proportional to M2.
The QED corrections to muon decay in the effective theory already contain a ’box-

diagram’ with photon exchange, but the topologies differ. This diagram is included
in the definition of Gµ and has to be subtracted, therefore the QED SM box diagram
minus the QED ’box’ diagram in the Fermi model is needed for ∆r. The difference
is shown in Figure 6.7. While the SM box diagram is IR-divergent but UV-finite, the
’box’ diagram of the Fermi model is both IR- and UV-divergent, which makes the
calculation somewhat tricky. If one uses DR, the Chisholm identity, which holds only
in four dimensions (as it is given above), cannot be applied. The original analysis of
this calculation is given in Refs. [4, 5]. We follow Ref. [82] and calculate the diagram
of the effective theory using Pauli-Villars Regularization. In the difference term the
IR-divergencies cancel each other, which can be achieved easiest using Pauli-Villars
Regularization also for the box diagram of the SM. Doing so, we find the result for the
difference term

Box(b) =
α

4π
ln

M2
W

Λ2
,

where Λ is the Pauli-Villars regulator, introduced in section 3.1.3. In order to put
this result into the rest of the calculation, performed in dimensional regularization,
we proceed as follows: From the difference term we subtract the photonic part of the
fermion field renormalization (also calculated with Pauli-Villars Regularization), so that
the result is UV-finite and does not contain the regulator anymore. Then we add the
same contribution again, this time calculated in DR, and obtain

Box(b) =
α

4π

(

3

2
− A0(M

2
W )

M2
W

)

. (6.14)

At first it might seem problematic that the subtraction of the QED correction of the
Fermi model results in a UV-divergent box term, but this UV-divergence cancels exactly
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6.2. One-loop result

the one from the subtraction of the photon contributions to the fermion self-energies
and together they yield a finite contribution to ∆r.

6.2. One-loop result

Adding (6.11)-(6.14), we find the combined contribution of the vertex, box and fermion
self-energy corrections to ∆r in Feynman-’t Hooft gauge

Vertex + Box− 1

2
Re
(

Σe
L(0) + Σµ

L(0) + Σνe
L (0) + Σ

νµ
L (0)

)

=
α

πs2W

(

∆− log
M2

W

µ2

)

+
α

4πs2W

(

6 +
7− 4s2W
2s2W

log
M2

W

M2
Z

)

,

(6.15)

where ∆ is defined in appendix B.2 and contains the UV-singularity. In the SM, the
UV-divergent term can coincidentally be expressed in terms of the photon-Z boson
mixing-energy at zero momentum transfer

α

πs2W

(

∆− log
M2

W

µ2

)

=
2

sW cW

ΣAZ
T (0)

M2
Z

, (6.16)

and thus the complete one-loop result for ∆r in the SM can be written as

∆r(α) =
ΣWW

T (0)− Re
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ΣWW
T (M2

W )
)

M2
W

+ΠAA (0)− c2W
s2W
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− ΣWW
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+
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log
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W

M2
Z

)

.

(6.17)

The electroweak couplings are proportional to the electric charge e and hence the one-
loop results are proportional to α ∝ e2. Therefore the one-loop results are typically
written with an (α) index and referred to as order α, O(α), results.
Already at this point, we want to demonstrate some important features of the one-

loop result for ∆r in the SM. The dominant contribution to this result comes from the
fermion sector. This can be seen in particular, if the one-loop result is split into three
parts

∆r = ∆α− c2W
s2W

∆ρ+∆rrem, (6.18)

as is typically done. The shift of the fine structure constant ∆α, defined in (6.3),
contains the contributions of the light fermions and is the numerically largest term with
≈ 6%. ∆ρ contains the fermion loop corrections to the ρ parameter, which describes
the ratio between the neutral and charged weak currents, and can be written as

∆ρ =
ΣZ

T (0)

M2
Z

− ΣW
T (0)

M2
W

. (6.19)
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6. Calculation of ∆r in the SM

This quantity is sensitive to the mass splitting between the isospin partners in a dou-
blet [83], which leads to a sizable effect in particular from the heavy fermion doublet.
This contribution can be written in the form

∆ρSM =
3α

16πs2W c2W

1

M2
Z

F0(m
2
t , m

2
b) , (6.20)

with

F0(x, y) = x+ y − 2xy

x− y
ln

x

y
. (6.21)

Since

F0(x, x) = 0 and F0(x, 0) = x , (6.22)

the ∆ρ contribution vanishes for degenerate masses and is proportional to m2
t , if the

bottom mass is neglected. Due to this dependency, ∆ρ was important for predicting
the mass of the top quark, in agreement with the experimental detection achieved later.

The second term of (6.18),
c2W
s2W

∆ρ, accounts for about 3%. All other terms are contained

in the remainder term ∆rrem, which is numerically smaller (. 1%) but contains the full
Higgs dependence and is therefore important to set bounds on the mass of the last
undetected particle of the SM.

6.3. Higher order corrections

We combine our SM one-loop results with known higher order corrections to muon
decay. Before we discuss the contributions included in our ∆r calculation, we start by
commenting on the different definitions of the mass of the Z and the W boson and show
why one has to clearly distinguish between them from two-loop level onwards.

6.3.1. Mass of unstable particles

The physical mass of a particle is generally defined by the pole of its propagator. As
shown in section 3.1 the propagator gets a self-energy correction factor in the denomi-
nator when higher orders are included. For a stable particle the self-energy is real and
its mass is defined as the pole of the real propagator. But for an unstable particle,
like the Z or the W boson, the self-energy Σ is generally complex, so that the pole of
the propagator lies no longer on the real axis but in the complex plane. It has been
shown in Ref. [82] that from two-loop order on, the only gauge-parameter independent
way to specify the mass of an unstable particle is to define it as the real part of the
complex pole. Using this definition and expanding the gauge boson propagator around
the complex pole leads to a Breit-Wigner shape

D(q2) =
−i constant

q2 −M
2
+ iM Γ

+ non-resonant terms (6.23)
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6.3. Higher order corrections

with constant decay width Γ. We call this the fixed-width description and denote the
masses of the massive gauge bosons, defined by the complex pole of (6.23), by MW and
MZ .
For historical reasons, the experimental values for the gauge boson masses, denoted

MW and MZ , are determined using a Breit-Wigner function with a running (energy-
dependent) width

D(q2) ∝ −i

q2M2 + iq2Γ/M
. (6.24)

The experimental values for the W and Z Boson mass MW and MZ are given in ap-
pendix A. As will be discussed below, the electroweak two-loop contributions that we
incorporate into our result require the fixed width definition of the gauge boson masses,
MW and MZ .
The difference between these two descriptions is given by [84]

MW,Z = MW,Z +
Γ2
W,Z

2MW,Z
. (6.25)

To obtain MZ from the experimental input parameter MZ , we use (6.25) with the
experimental value for the Z-width also given in appendix A. For the calculation of
MW the same formula, but with the theoretical prediction for the W boson width

ΓW =
3GµM

3
W

2
√
2π

(

1 +
2αs

3π

)

(6.26)

is used. This shift between the values is of a relevant size and needs to be properly
accounted for when masses, defined differently, are compared.

6.3.2. Higher order ∆r contributions

Our SM one-loop calculation is combined with all known relevant higher order correc-
tions, in order to obtain the most accurate result for ∆r in the SM:

∆rSM =∆r(α) +∆r(ααs) +∆r(αα
2
s) +∆r

(α2)
ferm +∆r

(α2)
bos

+∆r(G
2
µαsm4

t ) +∆r(G
3
µm

6
t ) +∆r(Gµm2

tα
3
s) .

(6.27)

The contributions entering in (6.27) are:

• The two- [6–11] and three-loop [18–21] QCD corrections, ∆rααs and ∆rαα
2
s . αs =

g2s/4π is the strong coupling constant. The large mass of the top quark allows
for a calculation of these contributions as an expansion in M2

Z/M
2
t , which has

been done in Ref. [85]. We use the two-loop O(ααs) and three-loop O(αα2
s) order

results given in Ref. [85], consisting of the analytic functions for the first three
terms in the M2

Z/m
2
t expansion, whereof the third term in the expansion is used
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6. Calculation of ∆r in the SM

to demonstrate its smallness: The third term results in an absolute shift in MW

of about 1 MeV for order αs and about 0.2 MeV for order α2
s (for mt = 175 GeV)

and consequently justifies this expansion.

• The fermionic ∆rα
2

ferm [12–14] and purely bosonic ∆rα
2

bos [15–17] electroweak two-
loop corrections. For the combined result of these two contributions, a simple
parametrization is given in Ref. [86], which approximates the exact result for
∆rα

2

ferm(MW ,MZ , ...)+∆rα
2

bos(MW ,MZ , ...) within maximal deviations of 2.7×10−5

for 10 GeV ≤ mH ≤ 1 TeV. As indicated by the argument of ∆rα
2

ferm and ∆rα
2

bos,
the two-loop result incorporated in the simple parametrization relies on the fixed-
width description of the heavy gauge boson masses, MW and MZ .

• The mixed QCD and electroweak three-loop contributions ∆rG
2
µαsm4

t and the
purely electroweak three-loop contribution ∆rG

3
µm

6
t , arising from the top quark

contributions to the ρ parameter, are given in Ref. [22]. The result is obtained
by expanding the contributions separately in different regions of the Higgs mass
and combining these partial results into a stable prediction for the three-loop ∆ρ
corrections in the full mass range of mH . An expansion for mH ≫ mt leads to
a good prediction for the ∆ρ contribution down to mH ≈ 2mt, when five orders
in m2

t/m
2
H are considered. In the region of mH around mt another expansion in

δ, with mH = mt(1 + δ), is performed. This provides a stable approximation for
0 . mH ≈ 2mt, including five orders in δ.

• The non-singlet four-loop QCD correction to the ρ parameter, ∆ρ(Gµm2
tα

3
s), is em-

bedded into our ∆r formula by ∆r(Gµm2
tα

3
s) = −c2W/s2W ∆ρ(Gµm2

tα
3
s). We adopted

the on-shell formula from Ref. [24], where many new master integrals needed for
this contribution were calculated and an earlier result [23] was confirmed.

For a consistent incorporation of the ∆rα
2

result in the rest of our calculation, we
have to use MW and MZ also as input parameters in our one-loop result and we do
the same in all other higher order contributions. Taking the full ∆r result in terms of
MW and MZ , and calculating the W boson mass iteratively using (5.13), the obtained
result is also given in fixed-width definition. This result has to be transformed into
MW using (6.25) in order to compare to experimental data. This is done in our work,
and the numerical results shown in section 8 always correspond to the running-width
description which can be compared directly to the experimental value M exp

W .
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7. Calculation of ∆r in the MSSM

7.1. One-loop contributions

Since the difference between MW,Z and MW,Z is only important from two-loop order
onwards, we will, to simplify matters, not distinguish between them in this section.

Remembering the sign change in the covariant derivative of the MSSM compared
to the SM, the general formula for ∆r looks slightly different. Instead of (5.16), the
expression

∆r =
ΣWW

T (0)− Re
(

ΣWW
T (M2

W )
)

M2
W

+ΠAA (0)− c2W
s2W

Re

[

ΣZZ
T (M2

Z)

M2
Z

− ΣWW
T (M2

W )

M2
W

]

+ 2
sW
cW

ΣAZ
T (0)

M2
Z

+Vertex + Box− 1

2
Re
(

Σe
L(0) + Σµ

L(0) + Σνe
L (0) + Σ

νµ
L (0)

)

.

(7.1)

has to be used to determine ∆r in the MSSM. To find the first order result, ∆r(α), we
calculate the one-loop self-energy, vertex and box corrections and insert these into (7.1).
Comparing the MSSM with the SM calculation, the number of contributing diagrams
is considerably higher in the MSSM, due to the extended particle sector. Moreover the
couplings, containing the sfermion, gaugino and Higgsino mixing matrices, are much
more complicated. The regularization also has to be adjusted, since DR is known
to break supersymmetry. Nevertheless the MSSM calculation could be performed in
DR, if symmetry-restoring terms were added, but we choose instead to calculate the
diagrams containing SUSY particles in CDR. In the following, details about the one-loop
calculation will be presented. Instead of discussing different topology types separately,
as we did in section 6.1, we will sort the MSSM contributions according to which
particles occur in the loop.

7.1.1. Fermion sector

The quark and lepton sector in the MSSM is identical to the corresponding sector in
the SM, therefore no new types of diagrams have to be calculated. The fermion loop
contributions to the gauge boson self-energies are shown in Figure 6.1. Loop diagrams
containing fermions as well as gauge bosons, will be discussed as part of the gauge
boson sector.
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7. Calculation of ∆r in the MSSM

(a)

V1 V2

f̃1

(b)

V1

V2

f̃1

f̃2

Figure 7.1.: Generic MSSM gauge boson self-energy diagrams with a sfermion loop;
V1, V2 = γ, Z, W± and f̃1, f̃2 = ν̃, l̃, ũ, d̃.

7.1.2. Gauge boson and Higgs sector

The gauge boson sector of the MSSM is the same as the SM one, whereas the Higgs sec-
tor differs significantly and consists of three physical neutral Higgs bosons h, H and A,
a pair of charged Higgs bosons H± and the Goldstone bosons, as shown in section 2.3.2.
However, the vertex, box and fermion self-energy diagrams do not get any additional
contributions from the extended Higgs sector, since all Higgs-fermion couplings are pro-
portional to the fermion mass, and the masses of the external leptons are neglected in
our calculation. Therefore the MSSM gauge boson and Higgs sector contains the same
fermion self-energy, vertex and box diagrams as the SM one, which are depicted in
Figures 6.4, 6.5 and 6.6.
But the change in the Higgs sector affects the gauge boson self-energies, whose di-

agrams containing the MSSM Higgs bosons are shown in Figure 6.2. The calculation
of the new diagrams is straightforward. Similar to the SM, the divergencies of the
gauge boson self-energy contribution to ∆r cancel the divergencies of the vertex and
the vertex counter term.

7.1.3. Sfermion sector

Sfermion loops, contributing to the gauge boson self-energies are pictured in Figure 7.1
and, as in the fermion sector, their contribution to ∆r is finite by itself. The fermion self-
energy, vertex and box diagrams with virtual sfermions are presented in the discussion
of the chargino and neutralino sector.

7.1.4. Chargino and neutralino sector

In the MSSM many loop corrections to muon decay involve charginos and neutralinos.
The gauge boson self-energies contain diagrams with neutralino and chargino loops,
sketched in Figure 7.2. Neutralinos and charginos contribute also to the fermion self-
energies and to the vertex corrections by diagrams shown in Figures 7.3 and 7.4. The
same vertex corrections exist also for the other vertex. The vertex contribution from
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7.1. One-loop contributions

V1

V2

χ̃0,χ̃±

χ̃0,χ̃±

Figure 7.2.: Generic MSSM gauge boson self-energy diagram with a
chargino/neutralino loop;
V1, V2 = γ, Z, W±, χ̃± = χ̃±

1,2 and χ̃0 = χ̃0
1,2,3,4.

l,ν

l,ν

χ̃0,χ̃±

l̃,ν̃

Figure 7.3.: Generic MSSM fermion self-energy diagram with a chargino/neutralino
contribution. l̃ and ν̃ are the superpartners of the lepton l and the
neutrino ν; χ̃± = χ̃±

1,2 and χ̃0 = χ̃0
1,2,3,4.

the chargino and neutralino sector, together with the chargino/neutralino contributions
to the vertex counter term, containing gauge boson and fermion self-energies, is finite.

There are also box diagrams in the MSSM containing neutralinos and charginos
(Figure 7.5), whose calculations are more elaborate than the calculation of the self-
energy and vertex diagrams.

(a)

µ

νµ

νe

e
W

ν̃µ,µ̃

χ̃±,χ̃0

χ̃0,χ̃±

(b)

µ

νµ

νe

e
W

χ̃0

µ̃

ν̃µ

Figure 7.4.: Generic vertex diagrams in the MSSM; χ̃± = χ̃±
1,2 and χ̃0 = χ̃0

1,2,3,4.
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7. Calculation of ∆r in the MSSM

(a)

µ
χ̃±,χ̃0

ν̃µ,µ̃

ν̃e,ẽ

χ̃0,χ̃±

e

νe

νµ
(b)

µ
χ̃0,χ̃±

µ̃,ν̃µ

ν̃e,ẽ

χ̃±,χ̃0

νe

e

νµ

Figure 7.5.: Generic box diagram in the MSSM; χ̃± = χ̃±
1,2 and χ̃0 = χ̃0

1,2,3,4.

In order to find the contribution to ∆r from a particular loop diagram, the Born
amplitude has to be factored out of the result. While the SM boxes directly give the
structure MBox = MBorn∆rBox, it is not so easy to obtain the same structure for the
boxes with SUSY particles in the loop. Performing the calculation of the box diagrams
in Figure 7.5 in FormCalc, the results for the diagrams in (a) and (b) are returned in
the form

MSUSY Box(a) = (ūeγλω−uµ)(ūνµγ
λω−vνe)b(a)

MSUSY Box(b) = (ūνeω−uµ)(ūνµω+ve)b(b) .
(7.2)

The expressions for b(a) and b(b) are lengthy and not given here explicitly. To factor out
the Born amplitude

MBorn =
2πα

s2WM2
W

(

ūνµγλω−uµ

) (

ūeγ
λω−vνe

)

,

the spinor chains in (7.2) have to be transformed into the same structure as the ones
appearing in MBorn. In order to carry out this transformation, in a first step the Fierz
identities (see for example Ref. [87]) are used and therewith the spinor structure of the
diagrams in (a) can be rewritten as

(ūeγλω−uµ)(ūνµγ
λω−vνe) =−

(

ūνµγλω−uµ

) (

ūeγ
λω−vνe

)

. (7.3)

For the spinor chain in MSUSY Box(b) we get

(ūνeω−uµ)(ūνµω+ve) =
1

2
(ūνeγλω+ve)

(

ūνµγ
λω−uµ

)

=
1

2

(

ūνµγλω−uµ

) (

ūνeγ
λω+ve

)

.

(7.4)

As desired, the spinor structure of (a) is now in the same form as the Born term, but to
achieve the same for (b) the second equation has to be further rearranged. We consider
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7.1. One-loop contributions

the case of massless Dirac spinors

u+(p) =









√
p+√

p−eiφp

0
0









, u−(p) =









0
0√

p−e−iφp

−
√
p+









, v±(p) = CuT
±(p) , (7.5)

with the charge conjugation matrix C = −iγ2γ0, p± = p0 ± p3 and

e±iφp =
p1 ± ip2√
p+p−

. (7.6)

Using the charge conjugation relations,

ū±(pi) γµ1 ... γµn v∓(pj)

{

ū∓(pj) γµn ... γµ1 v±(pi) for n odd

−ū∓(pj) γµn ... γµ1 v±(pi) for n even ,
(7.7)

the definition of γ5, and the anti-commutation relation for γ-matrices (1.18) we find
(ūνeγλω+ve) = (ūeγλω−vνe). Therewith equation 7.4 reads,

(ūνeω−uµ)(ūνµω+νe) =
1

2

(

ūνµγλω−uµ

) (

ūeγ
λω−vνe

)

. (7.8)

By writing out the spinors and γ-matrices component-by-component, we checked and
confirmed the result (7.8).
Inserting the relations (7.3) and (7.8) into the original equations of the box matrix

elements (7.2), gives

MSUSY Box(a) = −s2WM2
W

2πα
b(a) MBorn

MSUSY Box(b) = −s2WM2
W

4πα
b(b) MBorn .

(7.9)

The result for ∆rSUSY Box(a) contains terms with mν̃e − mν̃µ in the denominator,
but in the case of equal sneutrino masses also the numerators of the divergent terms
become zero. There is thus no physical problem but zero valued denominators may
cause troubles in the numerical evaluation (which we carry out in Mathematica). This
technical issue is solved by adding a distinction of cases: If the sneutrino masses differ,
the exact ∆rSUSY Box(a) is evaluated, and if they are identical we set mν̃e = mν̃µ + ǫ and
expand the result for ǫ → 0. Thus we obtain a valid ∆r result, for all possible input
parameters, and avoid the restriction to a special set of scenarios.
There are more terms, which contain differences of SUSY particle masses in the

denominator (e.g. chargino mass - sfermion mass) and could lead to divergencies for
certain input parameters. We plan to further investigate this issue and cure possible
numerical instabilities by adding special cases, similar to the one for equal sneutrino
masses described above.
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7. Calculation of ∆r in the MSSM

7.2. SUSY higher order corrections

The theoretical calculation of ∆r in the MSSM is not as sophisticated as the calculation
in the SM. To obtain the most accurate result for the W boson mass in the MSSM we
combine the SM result, containing the full one- and two-loop contributions plus leading
higher order corrections, with the known SUSY contributions. Therefore ∆rMSSM is
split into

∆rMSSM = ∆rSM +∆rSUSY , (7.10)

where ∆rSM is given by (6.27) and ∆rSUSY is the difference between ∆r in the MSSM
and the SM, i.e. it only involves the contributions from the additional SUSY particles
and the extended Higgs sector. While for ∆rSM the full SM result including all known
higher-order contributions is inserted, ∆rSUSY is calculated at the loop level at which
the MSSM contributions are known.

The splitting in (7.10) leads to a dependence of the MSSM ∆r result on the SM
Higgs mass. In our calculation mhSM

is set equal to the mass of the MSSM Higgs boson
that couples most SM-like. The ratio of the MSSM hZZ coupling to the SM hSMZZ
coupling is sin(β − α), whereas the ratio of the MSSM HZZ coupling to the same SM
coupling is cos(β − α). As introduced in section 2.3.2 h and H denote the neutral
CP-even Higgs bosons and β and α the mixing angles in the MSSM Higgs sector. So
we use the identification

mhSM
=

{

mh for | sin(β − α)| ≥ | cos(β − α)|
mH otherwise .

(7.11)

For most allowed (meaning not ruled out by theoretical or experimental constraints)
parts of the MSSM parameter space, the lightest CP-even Higgs h has the most SM-like
Higgs-ZZ coupling.

The SUSY part ∆rSUSY consists of our calculated MSSM one-loop result from which
the SM one-loop result is subtracted, combined with all SUSY two-loop corrections that
are known to date. The SUSY higher order corrections will be discussed in the next
two sections.

It should be emphasized at this point that the approach followed in (7.10), i.e. com-
bining the most up-to-date SM prediction with the ’new physics’ contributions from
supersymmetry, is well suited for extending it also to other scenarios of physics beyond
the SM. This provides a good framework to compare the MW prediction of different
models in a consistent way.
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7.2. SUSY higher order corrections

7.2.1. Reducible supersymmetric two loop corrections

In the ∆rSUSY contribution the leading reducible O(α2) two-loop corrections are in-
cluded, which are obtained from the resummation formula [88]

1 + ∆r =
1

(1−∆α)(1 +
c2W
s2
W

∆ρ)−∆rrem
, (7.12)

which takes the terms of the type (∆α)2, (∆ρ)2 and ∆α∆ρ correctly into account, if
∆ρ is parametrized by Gµ. Performing the reparametrization from α to Gµ according
to relation (5.9), the SM contribution to ∆ρ (6.20), parametrized by Gµ, is

∆ρSM =
3

16πs2W c2W

(

2Gµs
2
WM2

W√
2π

)

1

M2
Z

F0(m
2
t , m

2
b) =

3Gµ

8
√
2π2

F0(m
2
t , m

2
b) . (7.13)

Making use of the F0 formula (6.21), the SUSY contributions from the stop and sbottom
sector to ∆ρ can also be written in a compact form,

∆ρSUSY =
3Gµ

8
√
2π2

(

− sin2 θt̃ cos
2 θt̃F0(m

2
t̃1
, m2

t̃2
)− sin2 θb̃ cos

2 θb̃F0(m
2
b̃1
, m2

b̃2
)

+ cos2 θt̃ cos
2 θb̃F0(m

2
t̃1
, m2

b̃1
) + cos2 θt̃ sin

2 θb̃F0(m
2
t̃1
, m2

b̃2
)

+ sin2 θt̃ cos
2 θb̃F0(m

2
t̃2
, m2

b̃1
) + sin2 θt̃ sin

2 θb̃F0(m
2
t̃2
, m2

b̃2
)

)

.

(7.14)

Expanding (7.12) we find the one-loop result plus the correct two-loop terms

∆r = ∆r(α) − c2W
s2W

∆α∆ρ+
c4W
s4W

∆ρ2 +∆α2 , (7.15)

of which the pure SM terms are already included in ∆rSM . Thus, only the leading
two-loop terms with SUSY contributions,

∆r
SUSY (α2)
red =− c2W

s2W
∆α∆ρSUSY +

c4W
s4W

∆ρSUSY2
+ 2

c4W
s4W

∆ρSUSY∆ρSM , (7.16)

are additionally needed and inserted into our calculation.

7.2.2. Irreducible supersymmetric two loop contributions

The leading SUSY two-loop QCD corrections O(ααs) to ∆ρ, given in Ref. [30] and
Ref. [31], as well as the dominant Yukawa-enhanced electroweak corrections O(α2

t ),
O(αtαb), O(α2

b) to ∆ρ [32, 33] are incorporated in our calculation.
The two-loop O(ααs) contributions contain gauge boson self-energy corrections from

squark loops with gluon exchange and quark/squark loops with gluino exchange. The
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(a)

V1 V2

t̃, b̃t̃, b̃

g

(b)

V1 V2

t̃, b̃t, b

g̃

Figure 7.6.: Generic O(ααs) two-loop diagrams in the MSSM. g denotes a gluon and
g̃ a gluino; V1,V2 = γ,Z,W±.

generic diagrams are shown in Figure 7.6. While the formula for the gluino contribution
is very lengthy, a compact result for the gluon contributions to ∆ρ, similar to the one-
loop squark contribution (7.14) was derived in Ref. [31],

∆ρSUSY
gluon =

Gµαs

4
√
2π3

(− sin2 θt̃ cos
2 θt̃F1(m

2
t̃1
, m2

t̃2
)− sin2 θb̃ cos

2 θb̃F1(m
2
b̃1
, m2

b̃2
)

+ cos2 θt̃ cos
2 θb̃F1(m

2
t̃1
, m2

b̃1
) + cos2 θt̃ sin

2 θb̃F1(m
2
t̃1
, m2

b̃2
)

+ sin2 θt̃ cos
2 θb̃F1(m

2
t̃2
, m2

b̃1
) + sin2 θt̃ sin

2 θb̃F1(m
2
t̃2
, m2

b̃2
)) ,

(7.17)

where the squark masses are on-shell (pole) masses, and

F1(x, y) = x+ y − 2xy

x− y
ln

x

y

(

2 +
x

y
ln

x

y

)

+
(x+ y)x2

(x− y)2
ln2 x

y
− 2(x− y)Li2

(

1− x

y

)

.

(7.18)

Li2 is the dilogarithmic function, defined as

Li2 (x) = −
∫ 1

0

dt

t
ln(1− xt) , (7.19)

for | arg(1−x)| < π. Like F0, the function F1(x, y) vanishes for x = y. If one argument
of the function is zero, F1(x, 0) = x(1 + π2/3), so the F1 functions in (7.17) increase
with the heavy squark mass in the case of large mass splitting.
The SUSY ∆ρ expressions depend on the physical masses of the squarks, which are

unknown and have to be calculated from the MSSM input parameters. As we have
shown in section 2.3.1, SU(2) gauge invariance requires that at tree-level Mt̃L = Mb̃L

,
which results in a relation between the stop masses mt̃1 , mt̃2 , the stop mixing angle
θt̃, the sbottom masses mb̃1

, mb̃2
and the sbottom mixing angle θb̃. This means that

not all four masses are independent, but one mass can be expressed in terms of the
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(a)

V1 V2

t, bt, b

s

(b)

V1 V2

t̃, b̃t̃, b̃

s

(c)

V1 V2

t̃, b̃t, b

H̃

Figure 7.7.: Generic O(α2
t ), O(αtαb), O(α2

b) two-loop diagrams in the MSSM. H̃
denotes a Higgsino and s a Higgs or Goldstone boson; V1,V2 = γ,Z,W±.

other parameters. When higher order corrections are included, the masses have to
be renormalized which is done in the on-shell scheme. But because of this SU(2)
relation, one cannot choose independent renormalization conditions for all four masses.
This implies that for the dependent mass, typically mb̃1

, the mass parameter does not
coincide with the physical mass. The functions for the one-loop and two-loop SUSY
contributions, e.g. (7.14) and (7.17), require the physical (on-shell) masses as input, so
an additional correction ∆mb̃1

(if mb̃1
is chosen to be the dependent mass) has to be

included. This correction term is in the following referred to as mass-shift correction.
Whereas the effect of taking the tree-level instead of the one-loop corrected squark

masses is of third order for the two-loop ∆ρ contributions, for the one-loop ∆ρ the
effect is of two-loop order and has to be included if other SUSY two-loop corrections
are considered. This mass-shift correction is incorporated in our ∆r calculation.
The O(α2

t ), O(αtαb), O(α2
b) corrections are two-loop contributions involving quark

(top and bottom) loops with Higgs exchange, squark (stop and sbottom) loops with
Higgs exchange and mixed quark/squark loops with Higgsino exchange. The three type
of diagrams are sketched in Figure 7.7. These diagrams have to be calculated in the
gauge-less limit, in which the mass of the lightest CP-even Higgsmh vanishes. However,
it is shown in Ref. [33] that the result remains consistent if, despite this approximation,
the most accurate prediction for mh is used in the evaluation.
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8. Numerical analysis

8.1. SM result

We start the numerical evaluation of our results by showing the prediction for the W
boson mass in the SM. Figure 8.1(a) shows MW , calculated iteratively using the SM
one-loop result for ∆r, plotted against the SM Higgs mass for three different values of
the top mass: mt = 173 GeV,mt = 173+1.1 GeV (upper curve) andmt = 173−1.1 GeV
(lower curve). The most up-to-date experimental value for the W boson mass M exp

W =
80.399 ± 0.023 GeV [3], as well as the lower bound on the SM Higgs boson mass of
114.4 GeV, from Higgs searches at LEP [47] are indicated. The most accurate theory
prediction including all SM higher order corrections known at this point is plotted in
the same way and can be seen in Figure 8.1(b).
The top mass is meanwhile quite accurately known and the Tevatron electroweak

Working Group recently updated it to mt = 173.3± 1.1 GeV [89], combining different
CDF and D0 measurements. With the current value for mt, the parametric uncertainty
in the prediction for the W boson mass induced by the experimental error of the top
mass is significantly smaller than the experimental error of the W boson mass, δM exp

W =
23 MeV, as we can see in Figure 8.1. Anyhow, the dominant theoretical uncertainty
still comes from the experimental error of mt, and will remain so even with the slightly
better LHC prospect of δmt

∼= 1 GeV [90,91]. A significant reduction of the parametric
uncertainty will be possible with an accuracy of δmt = 0.1 GeV, which can be achieved
at the International Linear Collider (ILC) [92–94]. Uncertainties from unknown higher
orders are significantly smaller and have been estimated to be around 4 MeV in the SM
for light Higgs bosons, mhSM

. 300 GeV [25].
Comparing the two plots in Figure 8.1, we see that the corrections beyond the one-

loop order cause a downward shift in the W boson mass of more than 100 MeV, corre-
sponding to more than 4σ with respect to the experimental error. The full SM results
clearly illustrates the preference for a small SM Higgs mass. It should be stressed that
the incorporation of the relevant two-loop corrections is crucial for arriving at this con-
clusion. Notable here is that with the best theoretical prediction and the improved
experimental measurements there is no overlap between the experimental 1σ band and
the SM prediction.
The plots demonstrate that the total size of the contributions beyond one-loop order

is large compared to the experimental error, and their incorporation is necessary for
a W boson mass prediction in the SM. Next we investigate the size of the different
types of loop corrections, listed and commented on in section 6.3.2. Table 8.1 shows
the size of the particular ∆r higher order corrections for a fixed value of W boson
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Figure 8.1.: W-boson mass prediction in the SM as a function of mhSM
for mt =

173.3±1.1. The left plot shows the result of the one-loop calculation. The
right plot shows the result of the most accurate calculation, including
all known higher order SM corrections. The current experimental value
for M exp

W = 80.399 ± 0.023 GeV [3] is indicated by a horizontal band,
and the experimental lower bound on the Higgs boson mass of the SM of
114.4 GeV from Higgs searches at LEP [47] is shown as a vertical dashed
line.

mass, MW = Mexp
W = 80.399 GeV. For different values of mhSM

their size relative to
the SM one-loop result, ∆r(α), is given. The dominant contributions are the two- and
three-loop QCD corrections, ∆r(ααs) + ∆r(αα

2
s), which amount to about 11%-14% of

the one-loop contribution, followed by the likewise significant fermionic (plus bosonic)

two-loop corrections, ∆r(α
2) = ∆r

(α2)
ferm + ∆r

(α2)
bos , reaching around 8 − 10% of ∆r(α).

Both of these contributions have the same sign and are relatively larger for smaller
Higgs masses. The ∆r(G

2
µαsm4

t ) and ∆r(G
3
µm

6
t ) corrections yield a slight reduction of the

two-loop corrections and become largest for heavy Higgs. Even for mhSM
= 1000 GeV

their effect for the W boson mass is only about 9 MeV. So the size of the three-loop
∆r(G

2
µαsm4

t ) + ∆r(G
3
µm

6
t ), and also the four-loop ∆r(Gµm2

tα
3
s) correction to the W boson

mass is smaller than the experimental error.

8.2. MSSM result

To study the W boson mass prediction in the MSSM, we discuss the one-loop and two-
loop contributions separately for the sfermion sector, the Higgs sector and the chargino
and neutralino sector and investigate in each case the impact of the particular SUSY
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8.2. MSSM result

mhSM
[GeV] ∆r(α

2) ∆r(ααs) +∆r(αα
2
s) ∆r(G

2
µαsm4

t ) +∆r(G
3
µm

6
t ) ∆r(Gµm2

tα
3
s)

100 9.95 14.28 -0.48 0.42
400 9.34 12.12 -0.93 0.36
700 8.88 11.30 -1.23 0.34
1000 8.32 10.82 -1.55 0.32

Table 8.1.: Relative size of the higher order SM corrections compared to the size of the
one-loop result ∆r(α) (in %) for MW = 80.399 GeV and different values

of mhSM
. ∆r(α

2) stands for ∆r
(α2)
ferm +∆r

(α2)
bos .

parameters.

In the complex MSSM the uncertainty from unknown higher orders is a little larger
than in the SM and has been estimated to be δMW = (4.7−9.9) MeV [29,33], depending
on the SUSY mass scale.

8.2.1. Sfermion sector

First we analyze the sfermion sector and begin with the one-loop contribution where the
dominant effect comes from ∆ρ, which is highly sensitive to the mass spitting between
the sfermions.

In the sfermion mass matrix, the partner fermion masses appear in the diagonal
entries and cause a linear dependence of the squared squark masses on the squared
quark masses. Since the mass splitting between top and bottom is significantly larger
than the mass splitting in the first two generations, also for squarks the splitting in
the third generation (stop/sbottom sector) dominates. The off-diagonal entries of the
sfermion mass matrix, defining the mixing in the sfermion sector, are proportional to
the partner fermion mass and therefore squark mixing is expected to be negligible in all
doublets associated to light fermions. In the stop and the sbottom sector a significant
splitting between the two states of one flavor is possible. Therefore we focus in our
discussion on the stop and sbottom sector which gives the main sfermion contribution
to ∆r.

In order to examine the size and the parameter dependence of the pure one-loop
sfermion contribution, we begin by showing the MW prediction, calculated iteratively
using the full ∆rSM combined with the one-loop SUSY contributions.

In the sfermion sector complex phases can have sizable effects. At, Ab and µ do
not appear explicitly in the one-loop ∆r result, but only in the combinations Xt =
At − µ cotβ and Xb = Ab − µ tanβ (2.7), the off-diagonal entries of the stop and
sbottom mass matrices. It has been shown in Ref. [29] that the full one-loop result is
independent of the phases φXt and φXb

, therefore the phases φµ, φAt and φAb
enter only
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Figure 8.2.: W-boson mass prediction using the full ∆rSM and all one-loop SUSY
contributions. The left plot shows MW as a function of MSUSY for two
values of the complex phase, φAt = 0 (red, solid line) and φAt = π (blue,
dashed line). The right plot shows MW as a function φAt for two values,
MSUSY = 300 GeV (blue, dashed line) and MSUSY = 600 GeV (red, solid
line). The current experimental value for MW = 80.399 ± 0.023 GeV
is indicated. The other SUSY parameters are: At = 2MSUSY, M2 =
500 GeV, mg̃ = 500 GeV, µ = 500 GeV, mA = 500 GeV, tanβ = 10.

via

|Xt|2 = XtX
∗
t = AtA

∗
t + µµ∗ cot2 β − |At||µ| cotβei(φAt

+φµ) − |At||µ| cotβe−i(φAt
+φµ)

= |At|2 + |µ|2 cot2 β − 2|At||µ| cotβ cos(φAt + φµ) ,

(8.1)

and

|Xb|2 = XbX
∗
b = AbA

∗
b + µµ∗ tan2 β − |Ab||µ| tanβei(φAb

+φµ) − |Ab||µ| tanβe−i(φAb
+φµ)

= |Ab|2 + |µ|2 tan2 β − 2|Ab||µ| tanβ cos(φAb
+ φµ) ,

(8.2)

i.e. in the combinations (φAb
+ φµ) and (φAt + φµ).

If |At|2 and |µ|2 cot2 β are of different size, one of these terms dominates in (8.1),
causing a suppression of the last term containing the phase dependence, and the same
argument holds also for (8.2). Hence the impact of the complex phase is largest if all
terms in (8.1) and (8.2) are of similar size. In the numerical evaluation we always set
|At| = |Ab| and φAt = φAb

.
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The one-loop effect of the sfermion phase φAt on the MW prediction is shown in
Figure 8.2. In these plots At = 2MSUSY, µ = 500 GeV and tan β = 10 is chosen, so the
phase dependence is more significant for relatively small values of MSUSY. Figure 8.2(a)
shows the W boson mass prediction as a function of the common scalar mass MSUSY for
two different phases: The red, solid line corresponds to φAt = 0 and the blue, dashed
line to φAt = π. Independently of the phases, we see that for small MSUSY the sfermion
sector gives a sizable contribution to MW , while and for large MSUSY the sfermion
sector decouples and its contribution to MW vanishes. The shift in MW is significantly
larger for φAt = π than for φAt = 0. For MSUSY . 350 MeV the difference in the W
boson mass prediction between the two phases accounts for more than 25 MeV, i.e.
it is larger than the experimental error. The full phase dependence can be seen in
Figure 8.2(b), where the MW prediction is plotted against φAt for MSUSY = 300 GeV
(blue, dashed line) and MSUSY = 600 GeV (red, solid line). We see once more that the
phase dependence is stronger for light SUSY masses and that the two phases, shown in
Figure 8.2(a) correspond to the extrema, giving the maximal (φAt = π) and minimal
(φAt = 0) contribution to MW . Both plots in Figure 8.2 contain also the experimental
value of MW , with the 1σ bounds. In the MSSM plots, it is important to keep in mind
that the curves depend sensitively also on the other, fixed SUSY parameters, and one
can not conclude that certain parameter points in the plots (e.g. in the upper plots
φAt = π and MSUSY = 300 GeV) are in disagreement with experimental data because
they lie outside the 1σ band. In the following we will not consider complex phases, all
phases are set to zero and will not be listed as separate input parameter.

As previously mentioned, the main contribution of the sfermion sector can be asso-
ciated with ∆ρ and hence depends strongly on the squark mixing. In Figure 8.3 the W
boson mass prediction is shown as a function of Xt = At − µ cotβ, for the two mass
scales MSUSY = 300 GeV (blue, dashed line) and MSUSY = 600 GeV (red, solid line).
Going from Xt = 0 to higher values of |Xt| the contribution to MW decreases first and
increases again for high values of |Xt|. This effect is visible for both mass values but is
more distinct for MSUSY = 300 GeV, where the shift in MW from varying Xt can be up
to around 35 MeV.

For Xt = 0 the mixing in the stop sector is minimal, and the splitting between stops
and sbottoms gives the dominant contribution to MW . Increasing |Xt|, t̃1 becomes
lighter and t̃2 heavier. Also in the sbottom sector the splitting between b̃1 and b̃2
increases, since we set Ab = At, but for the chosen tan β value the effect in the sbottom
sector is less pronounced. Increasing the splitting between the squarks of one flavor
enlarges the size of the F0 functions in the first two terms of ∆ρSUSY (7.14), which
enter with a negative sign and lead to a partial compensation. If the splitting is further
increased, the spitting between t̃1 and t̃2 (and between b̃1 and b̃2) dominates and raises
the predicted MW value.

To investigate the SUSY two-loop effects, we start by examining the shift in MW

caused by the two-loop QCD corrections O(ααs). Therefore we calculate MW once,
using ∆rSM together with only SUSY one-loop corrections. Then we add the SUSY
two-loop corrections under consideration, calculate MW and subtract the first result.
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Figure 8.3.: W-boson mass prediction using the full ∆rSM and all one-loop SUSY
contributions as a function of Xt = At − µ/ tanβ for MSUSY = 300 GeV
(blue, dashed line) and MSUSY = 600 GeV (red, solid line). The current
experimental value forMW = 80.399±0.023 GeV is indicated. The other
SUSY parameters are: At = 2MSUSY, M2 = 500 GeV, mg̃ = 500 GeV,
µ = 500 GeV, mA = 500 GeV, tanβ = 10.

In Figures 8.4 to 8.8 (explained in detail later), the shift in MW caused by the two-loop
corrections is plotted as a function of MSUSY, starting with MSUSY = 225 GeV, so that
all parameter points are compatible with the lower bound on the lightest CP-even Higgs
in the CP-conserving MSSM, mh & 90 GeV [95]. There are no absolute limits on the
Higgs boson masses in CP-violating scenarios [95].

We investigate the effect of the gluon and gluino two-loop contributions, leaving out
the mass-shift corrections in a first step. Figure 8.4 shows the contribution to MW from
two-loop corrections, containing a squark loop with an additional gluon exchange, for
two values of the stop mixing, At = 0 (blue, dashed line) and At = 2MSUSY (red, solid
line). The gluonic two-loop correction has the same sign as the one-loop correction
and give rise to an increase of the predicted value of the W boson mass. Also the
dependence on MSUSY and the mixing At is comparable to the one-loop case, since
the gluonic contribution has a similar structure (7.17) as the one-loop ∆ρSUSY. The
shift in MW from the gluonic two-loop contribution can account for ≈ 5.5 MeV in the
case At = 0 and ≈ 2.5 MeV in the case At = 2MSUSY. If lower values for MSUSY are
considered, the gluonic contribution can be larger.

The gluino contributions depend sensitively on the SUSY mass scale, MSUSY, the
squark mixing, At, and the gluino mass, mg̃. Figure 8.5 shows the shift caused by the
two-loop gluino contributions as a function of MSUSY. In Figure 8.5(a) the sfermion
mixing At = 0 is chosen, in Figure 8.5(b) At = MSUSY and in Figure 8.5(c) At =
2MSUSY. In each plot the solid lines show the contributions from a gluino with mass
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Figure 8.4.: Shift in the W-boson mass from the gluon two-loop SUSY contributions
as a function of MSUSY for two different stop mixing values At = 0
(blue, dashed line) and At = 2MSUSY (red, solid line). The other SUSY
parameters are: M2 = 500 GeV, mg̃ = 500 GeV, mA = 500 GeV,
µ = 500 GeV, tanβ = 5.

mg̃ = 200 GeV, the dashed ones correspond to a gluino mass of mg̃ = 500 GeV and the
dotted ones to a gluino mass of mg̃ = 800 GeV.

It should be noted in this context that with the first LHC results the limits on the
gluino mass have already been strengthened. The CMS collaboration found that gluinos
below about 650 GeV [1, 96] are excluded in certain parts of the MSUGRA/CMSSM
(minimal supergravity/constrained MSSM) [97–102] parameter space, and the ATLAS
collaboration excluded mg̃ < 700 GeV at 95% confidence level for a specific scenario
with equal squark and gluino masses [2]. Nevertheless, there is no absolute lower bound
on the gluino mass in this mass range and it is therefore of interest to study the virtual
effects also of lighter gluinos.

It can be seen in the gluino plots that the contributions decrease for high mg̃, as
a consequence of decoupling. Considering small to medium gluino masses, their con-
tributions can be of the same size as the gluon contribution or even larger, see in
particular in Figure 8.5(c). The sign of the gluino contributions changes depending
on the SUSY parameters. For vanishing squark mixing, At = 0, the contributions are
negative and can cause a downward shift in the W boson mass of more than 7 MeV for
small MSUSY and small mg̃. For At = MSUSY the contributions are generally smaller.
For very light squarks and light gluinos the contributions are negative. Otherwise they
are positive and result in a shift in MW of about 1-2.5 MeV. Threshold effects appear
for light gluinos, mg̃ = 200 GeV, and cause the kinks that can be seen in both plots, in
Figure 8.5(a) and in Figure 8.5(b).

If the squark mixing is large, At = 2MSUSY, the gluino contributions are positive and
significantly larger. Even for heavy gluinos, mg̃ = 800 GeV, the shift can be more than
6 MeV and for mg̃ = 500 GeV the shift can be up to 10 MeV. For mg̃ = 200 GeV, the
gluino contribution has a high peak of about 17 MeV for MSUSY = 225 GeV and then
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Figure 8.5.: Shift in the W-boson mass from gluino two-loop contributions as a func-
tion of MSUSY for three different gluino masses, mg̃ = 200 GeV (solid
lines), mg̃ = 500 GeV (dashed lines) and mg̃ = 800 GeV (dotted lines).
The upper left plot (a), (blue curves) corresponds to At = 0, the up-
per right one (b), (green curves) to At = MSUSY and the lower one
(c), (red curves) to At = 2MSUSY. The other SUSY parameters are:
M2 = 500 GeV, mA = 500 GeV, µ = 500 GeV, tan β = 5.

falls off almost linearly with increasing MSUSY. At MSUSY = 500 GeV the shift in MW

caused by gluino contribution is still about 10 MeV.
The gluon and gluino two-loop contributions are directly related to the mass-shift

correction, which has to be incorporated in order to arrive at the complete result for
the O(ααs) contributions to ∆ρSUSY. We will now show the impact of this additional
correction. The size and the shape of the gluino contribution for At = 2MSUSY and
mg̃ = 200 GeV discussed above, may seem a little surprising at first sight, due to the
high peak. But looking at the full contribution, together with the mass-shift correction,
the high peak for small MSUSY is canceled. This can be seen in Figure 8.6, where
the pure gluino contribution (red, solid line) and the combined gluino plus mass-shift
contribution (orange, dotted line) are plotted against MSUSY for mg̃ = 200 GeV and
At = 2MSUSY. Figure 8.7 shows only the mass-shift correction as a function of MSUSY

for an intermediate gluino mass of mg̃ = 500 GeV. The blue, dashed line corresponds
to At = 0 and the red, solid line to At = 2MSUSY. The size of the mass-shift correction
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Figure 8.6.: Shift in the W-boson mass from gluino two-loop contributions as a func-
tion of MSUSY for mg̃ = 200 GeV and At = 2MSUSY. The red, solid
line is the pure gluino contribution, while the orange, dotted curve con-
tains the gluino contribution and the mass-shift correction. The other
SUSY parameters are: M2 = 500 GeV, mA = 500 GeV, µ = 500 GeV,
tan β = 5.

is larger than the gluonic contribution and the correction enters with the opposite sign.

We finish the discussion of the sfermion sector by looking at the combined effect of
gluon, gluino and mass-shift corrections. In Figure 8.8 the effect of all O(ααs) SUSY
two-loop corrections is shown, again plotted against MSUSY for three different gluino
masses, mg̃ = 200 GeV (solid lines), mg̃ = 500 GeV (dashed lines) and mg̃ = 800 GeV
(dotted lines). In the left plot At = 0, and in the right plot At = 2MSUSY is chosen.
Depending on the squark mixing the SUSY two-loop corrections to the W boson mass
can be either negative (for MW plot with At = 0) or positive (for MW plot with
At = 2MSUSY). For At = 0 the absolute size of the contribution is maximal for small
MSUSY. For heavy gluinos the total downward shift is larger than for light gluinos, more
than −17 MeV for mg̃ = 800 GeV and about −10 MeV for mg̃ = 200 GeV. The ’kink’
in the solid line of the left plot is caused by the threshold effect already observed in
the gluino contribution of Figure 8.5(a). For At = 2MSUSY the characteristics of the
QCD two-loop contributions are very different. For mg̃ = 500 GeV and mg̃ = 800 GeV
the shift in MW rises with MSUSY. The increase is larger for small values of MSUSY

and reduces for high values of MSUSY. For MSUSY > 500 GeV (not shown here) the
shift in MW gets smaller. For MSUSY = 1000 GeV (and mg̃ = 500 GeV) the combined
O(ααs) SUSY two-loop corrections result in a W boson mass shift of less than 5 MeV.
As we have shown before, the gluino and mass-shift corrections behave differently for a
high squark mixing and a small gluino mass. By adding the gluonic contribution to the
combined gluino/mass-shift corrections shown in the orange, dotted curve in Figure 8.6,
we find a maximum of the overall O(ααs) contributions, of about 15 MeV, reached for
intermediate values of MSUSY, while the shift in MW gets smaller both for decreasing
and increasing MSUSY. This behaviour can be understood from the shape of the gluon
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Figure 8.7.: Shift in the W-boson mass from the mass-shift correction of O(ααs)
as a function of MSUSY for two different stop mixing values At = 0
(blue, dashed line) and At = 2MSUSY (red, solid line). The other SUSY
parameters are: mg̃ = 500 GeV, M2 = 500 GeV, mA = 500 GeV,
µ = 500 GeV, tanβ = 5.

contributions shown in Figure 8.4.

The anticipated experimental accuracy for the W boson mass at LHC is 15 MeV [103,
104] and even 7 MeV at ILC [103,104]. So a contribution of the size of the SUSY two-
loop corrections is very important for a precise calculation of the W boson mass, that
can be compared to the future measurements.

8.2.2. Higgs sector

To show the impact of the MSSM Higgs sector on the one-loop SUSY contribution to
∆r, the MW prediction is shown in Figure 8.9 as a function of the relevant parameters
in this sector, which are (at tree level) mA and tanβ. For the two plots in Figure 8.9, we
do not use the full ∆rMSSM but ’switch off’ the SUSY two-loop gaugino and higgsino
contributions, O(α2

t ), O(αtαb) and O(α2
b), since these contributions also depend on mA.

So MW is here calculated iteratively, using the full ∆rSM , the SUSY one-loop result
and the SUSY O(ααs) two-loop contributions. In Figure 8.9(a) the MW prediction
is plotted against mA for three values of tanβ: The red, dotted curve corresponds to
tan β = 5, the blue, dashed curve to tanβ = 10 and the green, solid one to tanβ = 25.
It shows, that the effect of the MSSM Higgs sector is largest for small mA and can
contribute to a shift of about 20 MeV to the W boson mass, which is about the size of
the current experimental error.

The dependence of MW on tan β is not monotonic. To show this behavior more
clearly, we show the MW prediction as a function of tanβ in Figure 8.9(b) for mA =
250 GeV, which is approximately the mA value where the predicted MW is the same for
tan β = 25 and tanβ = 10. Within the Higgs sector the strong tanβ dependence can
not be explained. The Higgs masses depend on tan β, but this effect is very small for
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Figure 8.8.: Shift in the W-boson mass from the combined O(ααs) SUSY two-loop
corrections, containing the gluon, gluino and mass-shift correction as
a function of MSUSY for three different gluino masses, mg̃ = 200 GeV
(solid lines), mg̃ = 500 GeV (dashed lines) and mg̃ = 800 GeV (dotted
lines). The left plot (blue curves) corresponds to At = 0 and the right
one (red curves) to At = 2MSUSY. The other SUSY parameters are:
M2 = 500 GeV, mA = 500 GeV, µ = 500 GeV, tan β = 5.

tanβ > 10. We checked this and found, as we expected, that for large tanβ the shift
in MW from the change in the Higgs masses is negligible and cannot explain the tan β
dependence in Figure 8.9(b). In the two other sectors, the chargino and neutralino
sector and in the sfermion sector, tan β enters the calculation of MW as well. The
impact of varying tanβ in the chargino and neutralino sector is smaller than 1 MeV
and does not explain the tan β dependence of MW . In the sfermion sector tanβ also
appears in the squark mass matrices. Going to higher tan β values means increasing the
splitting between b̃1 and b̃2, since Xb = Ab − µ∗ tanβ changes linearly with tanβ (2.7)
while the mixing in the stop sector Xt = At−µ∗/ tanβ goes to Xt = At for large values
of tan β. The change in the mass splittings between the stops and the sbottoms with
tanβ enters the MW prediction via ∆ρSUSY (7.14) and gives rise to the tanβ behavior,
shown in Figure 8.9(b). For tanβ > 50 (not shown here) the mass splitting in the
sbottom sector gets very large and the curve showing the MW prediction rises very
steeply.

By ’switching on’ the O(α2
t ), O(αtαb), O(α2

b) corrections the size of these two-loop
effects can be seen in Figure 8.10. The lower blue, dashed curve corresponds to the
blue, dashed (tan β = 10) curve in Figure 8.9(a), so it is calculated using, besides the
one-loop result, only the O(ααs) SUSY two-loop contributions. The upper red curve
is the MW prediction, when the complete ∆rMSSM including the two-loop Higgsino
corrections is used. The numerical effect of the O(α2

t ),O(αtαb) and O(α2
b) SUSY two-

loop contributions is rather small, in this example it only accounts for a shift of about
0.5 MeV.

67



8. Numerical analysis

tanΒ = 5

tanΒ = 10

tanΒ = 25

100 200 300 400 500 600
80.38

80.39

80.40

80.41

80.42

mA@GeVD

M
W
@G

eV
D

(a)

5 10 15 20 25 30 35 40

80.386

80.388

80.390

80.392

80.394

tan Β

M
W
@G

eV
D

(b)

Figure 8.9.: W-boson mass prediction in the MSSM as a function of mA and tan β.
For the calculation the entire ∆rSM and SUSY O(ααs) two-loop con-
tributions are taken into account. The left plot shows MW as a func-
tion of mA for different values of tanβ. The right plot shows MW as a
function of tanβ for mA = 250 GeV. The other SUSY parameters are:
MSUSY = 500 GeV, At = 2MSUSY, M2 = 500 GeV, mg̃ = 500 GeV,
µ = 500 GeV.

8.2.3. Chargino and neutralino sector

The chargino and neutralino sector is governed by M1, M2 and µ. These three param-
eters can in general be complex, but the phase of M2 can be rotated away. The effect
of varying |M1| is smaller than 2 MeV and its phase is insignificant, hence we use the
GUT relation [105] in our numerical evaluation and set

M1 =
5

3

s2W
c2W

M2 . (8.3)

Also the dependence of the chargino and neutralino contributions on the phase of µ is
small and will not be displayed here.
In the following we investigate the impact of the parameters M2 and |µ| on the

prediction forMW in the MSSM. Therefore theW-boson mass has been calculated, using
the complete ∆rMSSM containing all one-loop and higher-order contributions and the
results are shown in Figure 8.11. Only the one-loop diagrams containing charginos and
neutralinos depend on the parameter M2, so the effect in the W-boson mass obtained
by varying M2 arises solely from these diagrams.
Figure 8.11(a) shows the MW prediction as a function of M2 for three different values

of |µ|: |µ| = 800 GeV (green line), |µ| = 400 GeV (blue, dashed line) and |µ| = 200 GeV
(red, dotted line). MW as a function of |µ| is shown in Figure 8.11(b), where the red
line corresponds to M2 = 200 GeV and the blue, dashed line to M2 = 600 GeV. For
both plots a small value for the SUSY mass scale, MSUSY = 250 GeV, is chosen, since
the effect of the chargino and neutralino contributions is more pronounced for small
sfermion masses.
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Figure 8.10.: W-boson mass prediction as function of mA. The entire ∆rSM and
SUSY O(ααs) two-loop contributions are taken into account for the
blue, dashed curve, while for the red, solid curve the entire ∆rMSSM

is taken into account. The other SUSY parameters are: MSUSY =
500 GeV, At = 2MSUSY, M2 = 500 GeV, mg̃ = 500 GeV, µ = 500 GeV,
tan β = 10.
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Figure 8.11.: W-boson mass prediction as function of M2 and |µ|. For the calculation
the entire ∆rSM and all SUSY one- and two-loop contributions are
taken into account. The left plot shows MW against M2 for three
different values of |µ|. The right plots shows MW against |µ| for M2 =
200 GeV (red, solid line) and M2 = 600 GeV (blue, dashed line). The
other SUSY parameters are: MSUSY = 250 GeV, tanβ = 10, At =
2MSUSY, mg̃ = 500 GeV, mA = 500 GeV.
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For small M2 the contribution arising from the chargino and neutralino sector can
be relevant. The impact is larger for small values of |µ|. With |µ| = 800 GeV this
contribution can shift MW by up to 8 MeV, and with |µ| = 200 GeV even by up to
28 MeV, clearly an effect that should not be neglected.

In contrast to the shift of MW from varying M2, the large impact on MW from choos-
ing different |µ| values is not solely due to the chargino and neutralino contributions.
The strong |µ| dependence comes both from the chargino-neutralino one-loop contri-
butions and from sfermion one- and two-loop contributions. As one can clearly see
in Figure 8.11(a), the effect on MW from different |µ| remains considerable also for
large M2, where the chargino and neutralino contribution vanishes. Varying |µ| from
200 GeV to 900 GeV yields a downward shift of more than 45 MeV for M2 = 200 GeV,
and about 37 MeV for M2 = 600 GeV. For very high values of |µ| the splitting in the
sbottom sector gets large, and the sfermion contribution pushes the MW prediction up
again. Increasing the value of tan β the minimum in the plot of Figure 8.11(b) moves to
the left, and accordingly it moves to the right when tan β is decreased, which becomes
clear by looking at the formula for the off-diagonal sfermion matrix elements (2.7).

The purpose of the plots in Figure 8.11 is to demonstrate the size of the contributions
from the chargino and neutralino sector. The other parameters are chosen at a low scale
to illustrate that these contributions can be sizable. The fact that the MSSM prediction
for MW shown in Figure 8.11 turns out to be outside of the experimental 1σ band for
small |µ| is specific to the chosen set of SUSY parameters and should not be interpreted
as a general conclusion on the allowed range of |µ|.
We furthermore analyze the difference between the MW calculation using the com-

plete ∆r contribution of the chargino and neutralino sector and the MW calculation
using an approximation where only the chargino and neutralino contribution to ∆ρ
is taken into account, as often done. ∆ρ (6.19) contains only the W and Z boson
self-energies at zero momentum transfer. In order to investigate the impact of this ap-
proximation, we calculate the W boson mass prediction using all other SM and SUSY
one-loop and higher order contributions, combined with only the ∆ρ, instead of the full
∆r, contribution from the chargino and neutralino sector. The result is shown in the
lower (blue, solid) curve of Figure 8.12. The same input values as before are used with
|µ| = 200 GeV. The red, dotted curve is our result using the full ∆r chargino neutralino
contribution and corresponds to the red, dotted curve in Figure 8.11(a). The difference
between the full ∆r chargino and neutralino contribution and the approximation via
∆ρ is small for large M2 but goes up to 10 MeV for M2 = 100 GeV.

8.3. Total result

In this section we show our final result for theMW prediction in the MSSM, including all
higher order contributions of SM- and SUSY-type, and compare it to the SM prediction.

Figure 8.13 shows the W boson mass prediction in the MSSM and the SM. The MSSM
prediction is calculated with the complete ∆rMSSM , and for the SM prediction ∆rSM
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Figure 8.12.: W-boson mass prediction as function of M2. For the calculation the
entire ∆rSM , the one-loop contributions of all SUSY sectors, besides
the chargino/neutralino one, and all SUSY two-loop contributions to
∆r are taken into account. For the red, dotted curve the complete ∆r
contribution from the chargino and neutralino sector is used. For the
blue, solid curve the contribution from the chargino neutralino sector
is instead approximated by ∆ρ. The other SUSY parameters are: µ =
200 GeV,MSUSY = 250 GeV, tan β = 10, At = 2MSUSY, mg̃ = 500 GeV,
mA = 500 GeV.

has been used. For the left plot MSUSY = 300 GeV is chosen and for the right plot
a higher mass scale of MSUSY = 600 GeV. In both plots the red lines (cross markers)
show the prediction for tanβ = 5 and the blue lines (point markers) for tan β = 10.
Further the solid lines indicate the MSSM prediction and the dashed ones the SM
prediction. Also the SM prediction depends on the SUSY parameters mA, tan β and
slightly on mSUSY, due to the fact that the SM Higgs mass is set to the mass of the
MSSM Higgs which couples most SM-like. We calculate the Higgs masses in FeynHiggs
including one- and two-loop corrections, therefore they also depend on MSUSY. The
lower bound on a SM-like Higgs of 114.4 GeV [47] is not explicitly imposed here. For
our parameters, the CP-even Higgs h is lighter than 114.4 GeV for mA < 170 GeV,
if MSUSY = 300 GeV is chosen, and mA < 120 GeV, if MSUSY = 600 GeV is chosen.
However, as mentioned before, this limit is not valid in the MSSM but Higgs masses
down to mh & 90 GeV are allowed in the CP-conserving MSSM and the Higgs can be
even lighter in the CP-violating case.

Generally we see that the MSSM prediction is higher than the SM prediction and
lies, for this set of parameters, within the 1σ interval of the experimental value M exp

W =
80.399±0.023 GeV. For small values of mA both curves rise, indicating that the 20 MeV
effect in the W boson mass we showed in Figure 8.9(a) is not a pure SUSY effect, but
the shift in the SM MW prediction (for the corresponding Higgs masses) is of a similar
size. The difference between the SM prediction and the MSSM prediction is larger
for smaller values of MSUSY, since the sfermion contributions get larger in this mass
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Figure 8.13.: W-boson mass prediction in the MSSM and the SM as a function of mA

for tan β = 5 (red curves, cross markers) and tan β = 10 (blue curves,
point markers). For the SM prediction mhSM

is chosen as the mass
of the MSSM Higgs that couples SM-like. The MSSM predictions are
shown as solid lines, the SM prediction as a dashed line. In the left plot
MSUSY = 300 GeV is chosen and in the right plot MSUSY = 600 GeV.
The experimental value M exp

W = 80.399± 0.023 GeV is indicated. The
other SUSY parameters are: At = 2MSUSY, M2 = 500 GeV, mg̃ =
500 GeV, µ = 500 GeV.

range, as already shown in the previous section. The small ’kinks’ in the MSSM MW

prediction for MSUSY = 300 GeV are caused by a threshold effect.
Finally, we analyze the general behaviour of the W boson mass in the MSSM com-

pared to the SM by performing a random scan over the MSSM parameter space. We
scan over MSUSY, At, µ, tanβ, mg̃, mA and M2 in the following ranges:

MSUSY = 100...2000 GeV

At = −2MSUSY...2MSUSY

µ = −2000...2000 GeV

tanβ = 1.1...60

mg̃ = 200...1000 GeV

mA = 90...1000 GeV

M2 = 100...2000 GeV

(8.4)

We check the limit on the light MSSM Higgs mass mh & 90 GeV, and if it is fulfilled
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Figure 8.14.: W-boson mass prediction in the MSSM (red points) and the SM (black
points) as function of MSUSY. A random scan over the SUSY parameter
space is performed within the ranges given in the text. For the SM
prediction the SM Higgs mass is set to the value of the lightest CP-
even Higgs mass.

the W boson mass prediction in the MSSM and the SM is calculated. The result
can be seen in Figure 8.14 where the MW prediction in the MSSM is plotted in red
and the MW prediction in the SM on top in black. For the SM prediction we take
the mass for the lightest CP-even Higgs as input value for the Higgs mass, therefore
it also depends on the SUSY parameters. It should be mentioned that for the SM
points, the limit mhSM

> 114.4 GeV is not imposed. The SM points in Figure 8.14 with
MW > 80.37 GeV correspond to parameters involving Higgs masses below this limit.
The prediction for the W boson mass in the MSSM is generally higher than the

prediction within the SM and hence favoured by the current experimental value of
MW . The difference between the MW prediction in the MSSM and the SM can amount
to more than 2σ, showing that MW is highly sensitive to quantum effects of SUSY
particles.
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9. Summary, conclusions and
outlook

In this thesis we computed the one-loop result in the SM and the MSSM with complex
parameters. With the exception of one diagram, which required a specific treatment, we
calculated the SM diagrams using Dimensional Regularization and the SUSY diagrams
with Constrained Differential Renormalization. The renormalization was done in the
on-shell scheme.
We combined our one-loop results with all available higher order corrections. Since

the calculation of the W boson mass in the SM is more advanced than in the MSSM
we organized our result such that the sophisticated SM result can be used also for the
MSSM prediction. Therefore the MSSM result is split into a SM part, containing the
state-of-the-art SM prediction with all loop corrections, and a SUSY part, consisting
of our one-loop result and the known leading two-loop corrections. In this way the
MSSM result recovers the full SM result in the decoupling limit, where the lightest
MSSM Higgs becomes SM-like and all other SUSY particles are very heavy. Thus we
obtained the most accurate theoretical prediction of the W boson mass in the SM and
the MSSM.
The one-loop calculation has been performed in Mathematica (using FeynArts and

FormCalc) and we transcribed also all higher order contributions into Mathematica
form. With our stand-alone computer program one of the most important precision ob-
servables, ∆rSUSY, can be calculated, which is needed whenever a theoretical prediction
is parametrized in terms of Gµ. Mathematica provides the flexibility which allows us to
analyze the functions also at the analytical level and if threshold effects or numerical
instabilities appear in a future scan, an analytic treatment of special cases can easily
be added, as we did already for the case of degenerate sneutrino masses.
We have shown that in the SM case the higher order corrections lower the MW

prediction significantly. With the up-to-date experimental value and a state-of-the-art
theoretical prediction, the theoretical calculation shows more than 1σ deviation from
the measured value in the entire range of allowed Higgs masses.
We have analyzed the impact of the different SUSY sectors and the size of higher

order corrections. If the parameters are chosen such that the masses of the SUSY
particles are heavy, their contributions toMW are small as expected from the decoupling
properties of supersymmetric theories. On the other hand the SUSY contributions can
get substantial at lower mass scales. The one-loop contributions are dominated by the
squark sector, but also the other SUSY sectors can give sizable effects. For light sleptons
the contribution from the chargino and neutralino sector can account for up to 28 MeV,
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a value that is larger than the current experimental error of 23 MeV. A comparison of
the full contribution to ∆r with the ∆ρ approximation shows differences for small SUSY
masses and demonstrates that this approximation may not be sufficiently accurate for
predicting MW in this parameter range.
We studied the numerical impact of SUSY two-loop contributions in detail. In con-

trast to the SM higher order corrections, the SUSY two-loop contributions can enter
with both signs. For a large squark mixing they are positive and can account for up
to 15 MeV, a significant effect which enhances the sensitivity in the search for squarks
through their virtual effects.
We compared the W boson mass prediction in the MSSM and the SM and found that

the SUSY contributions raise the predicted MW value, resulting in a MSSM value lying
above the SM result. The parameter region in which the predictions from the two models
overlap corresponds to the decoupling limit of the MSSM, i.e. heavy superpartner
masses, while the Higgs mass is bounded from below by the exclusion limit from LEP
mh > 114.4 GeV and from above by the upper limit on the light CP-even Higgs in the
MSSM of about 130 GeV. We demonstrated the feature that the MSSM gives rise to
a prediction for MW that tends to be higher than the prediction within the SM by a
random scan over the MSSM parameter space. The current experimental value of MW

therefore favours a non-zero SUSY contribution.
The very precise theoretical calculations allow to set limits on the SM and MSSM

parameters. The impact of the indirect theoretical constraints will be further enhanced
when the experimental measurements are improved in the next years at LHC and even
further at a future linear collider, such as the ILC.
A comparable calculation, as the one we did for the MSSM is desirable also for

other models beyond the SM and would help to distinguish between them and to find
out which models are preferred by the experimental results. Predicting their effect on
electroweak precision observables can help identify the nature of new physics at the
experiments.
As a first step in this direction we already started to extend our calculation of the W

boson mass also to the NMSSM as well as a model with a fourth fermion generation.
The theoretical framework set up in this thesis allows to easily extend the analysis also
to further models of new physics.
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A. Input parameters

For the numerical evaluation we used an up-to-date set of input values, given in Ta-
ble A.1.

Parameter Exp. value Reference
MW 80.399± 0.023 GeV [3]
MZ 91.1875± 0.0021 GeV [43, 44]
ΓZ 2.4952± 0.0023 GeV [3]
Gµ (1.1663788± 0.0000007)× 10−5GeV−2 [69]
α 1/137.035999679 [3]

αs(MZ) 0.1184± 0.0007 [106]
mt 173.3± 1.1 GeV [89]
mb 4.67 GeV [3]
mc 1.286 GeV FeynHiggs default value
ms 95 MeV FeynHiggs default value
mu 3 MeV FeynHiggs default value
md 6 MeV FeynHiggs default value
me 0.510998902 MeV FeynHiggs default value
mµ 105.658357 MeV FeynHiggs default value
mτ 1777.03 MeV FeynHiggs default value

Table A.1.: Experimental values for the relevant SM parameters needed in our calcu-
lation.

The value for Gµ includes the extra shift from a non-vanishing electron mass ∆q(me)
that has recently been calculated in [68].
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B. One-loop integrals

B.1. Rules for the calculation in D dimensions

The metric tensor in D dimensions,

gµν with µ, ν = 0, 1, ..., D − 1 , (B.1)

is defined by

gµνgµν = δµµ = D . (B.2)

The Dirac matrices are defined by

{γµ, γν} = 2gµν with Tr 1 = 4 , (B.3)

and some useful relations for the calculation in D dimensions are:

γµγµ =
1

2
{γµ, γµ} = D

γµγνγµ = 2gµνγ
µ − γµγµγν = (2−D)γν .

(B.4)

B.2. Standard one-loop integrals

The general rank M tensor integral for a one-loop diagram with N legs with momenta
p′i and

p1 = p′1 , p2 = p′2 + p′1 , ... , pN−1 = p′N−1 + p′N−2 (B.5)

is defined as

TN
µ1...µM

(p1, ...pN−1, m0, ...mN−1)

=
(2πµ)4−D

iπ2

∫

dDq
qµ1

...qµM

[q2 −m2
0][(q + p1)2 −m2

1]...[(q + pN−1)2 −m2
N−1]

(B.6)

where mi (i = 1...N) are the masses of the particles in the loop. µ is an arbitrary energy
scale needed to keep the argument of logarithms, occurring in the results, dimensionless.

79



B. One-loop integrals

By convention the T 1 (Tadpole) integral is called A, T 2 (Self-energy) is called B, T 3

(vertex) is called C and so forth. The tensor integrals can be reduced into functions of
the scalar integrals A0, B0, C0, D0 without Lorentz indices in the numerator. The basic
steps of the calculation of these scalar functions are described in the following.
Using Wick rotation and carrying out the D dimensional integration in polar coordi-

nates one finds (for D < 2n and M > 0)

∫

dDq
1

(q2 −M)n
= i(−1)nπ

D
2

Γ(n− D
2
)

Γ(n)
M

D
2
−n , (B.7)

where Γ is the Gamma function, which is defined for complex numbers with a positive
real part by

Γ(z) =

∫ ∞

0

tz−1e−tdt . (B.8)

For positive integers this is equivalent to

Γ(n) = (n− 1)! , (B.9)

and expansion for small |z| gives

Γ(z) ≈ 1

z
− γE +O(z) , (B.10)

where γE is the Euler constant. With this auxiliary integral and the Feynman param-
eters

N
∏

i=1

1

Ai
= Γ(N) (

N
∏

i=1

∫ 1

0

dαi) δ(1−
N
∑

i=1

αi)(

N
∑

i=1

αiAi)
−N (B.11)

the calculation of the scalar integrals can be carried out. Expanding the results around
D → 4 gives the one-point function

A0(m0) = m2
0

(

∆− ln
m2

0

µ2
+ 1

)

+O(D − 4) , (B.12)

where ∆ is given by

∆ =
2

4−D
− γE + ln 4π (B.13)

and contains the UV-divergency. The two-point function is

B0(p1, m0, m1) = ∆−
∫ 1

0

dx ln

(

x2p11 − x(p21 −m2
1 +m2

0) +m2
0

µ2

)

+O(D − 4) ,

(B.14)
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B.2. Standard one-loop integrals

and the UV-convergent three point function is

C0(p1, p2,m0, m1, m2) = −
∫ 1

0

dx

∫ 1−x

0

dy

(x2p21 + y2p22 + 2xyp1p2 − x(p21 −m2
1 +m2

0)− y(p22 −m2
2 +m2

0) +m2
0)

−1 .

(B.15)

So the UV-divergent parts are

(D − 4)A0(m0) = −2m2
0 +O(D − 4)

(D − 4)B0(m0) = −2 +O(D − 4)

(D − 4)C0(m0) = O(D − 4) .

(B.16)

To express the tensor integrals in terms of the scalar functions, they are first de-
composed into covariant expressions by constructing TN

µ1...µM
from all symmetric tensor

structures of rank M that can be formed out of pµ1 , ... , p
µ
N−1 and gµν . For Bµ and Bµν

this gives

Bµ = pµ1B1

Bµν = gµνB00 + pµ1p
ν
1B11 ,

(B.17)

and B1, B00 and B11 can then be expressed through scalar integrals. The reduction
formulas are obtained by contracting the decomposition (right side of (B.17)) and the
integral expression (B.6) with the external momentum pµ1 and the metric gµν. Con-
tracting the first formula of (B.17) with pµ1 yields

p21B1(p1, m0, m1) =
(2πµ)4−D

iπ2

∫

dDq
p1q

[q2 −m2
0][(q + p1)2 −m2

1]

=
(2πµ)4−D

iπ2

∫

dDq
1
2
[(q + p1)

2 −m2
1]− 1

2
[q2 −m2

0]− 1
2
(p21 −m2

1 +m2
0)

[q2 −m2
0][(q + p1)2 −m2

1]

=
1

2
A0(m0)−

1

2
A0(m1)−

1

2
(p21 −m2

1 +m2
0)B0(p1, m0, m1) ,

(B.18)

so

B1(p1, m0, m1) =
1

2p21

(

A0(m0)− A0(m1)− (p21 −m2
1 +m2

0)B0(p1, m0, m1)
)

. (B.19)

Similarly one finds also B00 and B11, and higher order scalar and tensor integrals can
be calculated.
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Und zum Schluss möchte ich meinen Eltern, Sophie, Leo und Johanna danken, die

immer für mich da sind, mich unterstützen, ermutigen und aufmuntern. Danke für
alles!

91


