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Linear operators between Hilbert spaces

All Hilbert spaces considered in these lectures will be over C and be separable.

Let H, H' be Hilbert spaces.

Lemma

For a linear operator A: H — H', the following conditions are
equivalent:

o A is continuous,
o A is bounded, i.e., ||Ax|| < C||x|| for some C > 0,

o graph A= {(x,Ax) | x € H} C H x H' is closed (closed graph
theorem).

Remark The best constant C is ||Al| = sup_i [|AX]| = supj 1 |(AX, ).

We write £(H,H') for the space of these linear operators A and £(H)
incase H =H'.
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L(H) as a C*-algebra

L(H) equipped with the operator norm || || is a Banach algebra (in
particular, [|AB|| < ||A[|||B] for A, B € L(#)).

Recall that the adjoint A* € L(#) of A € L(H) is defined by
(Ax,y) = (x,A"y), X,y € H.

With the involution A — A*, L(H) is in fact a C*-algebra (in particular,
|A*A|| = [|A||? for A € L(#)).

Objective of these lectures Understand the spectral theory of
self-adjoint operators A € L(H).

Remark One could equally well study the spectral theory of self-adjoint elements of
an abstract unital C*-algebra.
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Topologies on L(H,H')

There are three natural topologies on £(H,H’) of decreasing strength.
We define convergence of a sequence {An,} C L(H,H’) for each of
these topologies:
@ A, — Aif |JA— Ayl — 0 (uniform operator or norm topology),
@ A, > Aif Apx — Ax for each x € (strong operator topology),

@ AL Aff (Anx,y) — (Ax,y) for each x, y € H (weak operator
topology).

Theorem (Uniform boundedness principle)

Let {A,} C L(H,H') be a sequence. Suppose that {(Axx, y)} C C converges for all
x€H,ycH. Then A, % Aforsome Ac L(H,H').
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Resolvent and spectrum

Let A € L(H).
Definition
@ )\ € C belongs to the resolvent set p(A) if (A— )1 € L(H).
@ The resolvent is R(\, A) = (A— \)~! for A € p(A).
@ The spectrum is o(A) = C\ p(A).

Theorem

o(A) is a non-empty, compact subset of C contained in
B(0, [|All) = {A € C | [A] < [|All}-

The map p(A) — L(H), A — R(\, A) is holomorphic.

Proof For A > [|All, R(\, A) = = S-2, A" UHVA.
For A € p(A), | — Al < IR\ A)I ", Rl A) = S5 (1 — AYR(A, A,
Finally, invoke Liouville’s theorem to conclude that o(A) # 0. O
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Spectral radius

The spectral radius is defined as r(A) = supycq(a) [Al-

Proposition

LetAe L(#H). Then

(8) r(A) = limn_ [ A7]"/7,
(b) r(A) = ||A|| if A is normal.
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Discrete and essential spectrum

@ ) € Cis an eigenvalue of Aif A — X is not injective.

o ker(A — )) is called the eigenspace of A belonging to the
eigenvalue )\, a non-zero element u of ker(A — \) (i.e., u # 0 and
Au = )\u) is called an eigenvector.

The discrete spectrum o4(A) C o(A) consists of isolated eigenvalues
of A of finite multiplicity (i.e., ker(A — A)V = ker(A — A)N*1 for some
N € N and dimker(A — M)V < o).

Remark Eigenvalues of normal operators are semi-simple (i.e., N = 1).

The essential spectrum is defined as o0¢(A) = o(A) \ o4(A).
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Multiplication operators, |

Let (X, 1) be a measure space. Then each g € L*°(X, 1) induces a
bounded operator

MQ:LZ(Xau)%Lz(XMU'L u—g-u

(multiplication operator).

The essential range ran g consists of all A € C such that, for all e > 0,

p({lg—Al <e})>0.

Lemma
(@) o(Mg) =rang.
(b) A is an eigenvalue of My if and only if ;1 ({g = A}) > 0.
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Classes of linear operators

Definition
An operator A € L() is said to be normal if Aand A* commute, i.e.,
A*A = AA*. Special cases are

@ (Self-adjoint operators) A = A*,

@ (Unitary operators) A~! = A*.

Lemma
Let A € L(H) be normal. Then
@ A is self-adjoint if and only if o(A) C R,
@ Aisunitary ifand only if o(A) CS' = {\ € C | |\ =1}.

Remark One also has unitary operators U € £(#H,H’) given by U*U = |y and
UU™ = 13, between different Hilbert spaces. Spectral properties do not change under
unitary equivalence, i.e., under the map £(H) — L(H'), A — UAU".
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Multiplication operators, Il

© Because of (My)* = Mgz and
multiplication operators are normal.

o M, is self-adjoint if and only if g is (essentially) real-valued, i.e.,
rang C R.
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Projections

Definition
P € £(H) is said to be an orthogonal projection if P = P* = P2,

The complementary projection is P+ = | — P. P projects onto ran P
and we have

H=ranP&ran(l-P),
where ker P = ran (I — P) and ker (I — P) =ran P.
There is a (complete) lattice structure on the set of orthogonal
projections given by P < Q if ran P C ran Q (equivalently,

P = PQ = QP). Moreover, we call two projections P, Q orthogonal
(and write P L Q) if P < Q* (equivalently, PQ = QP = 0).
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Partial isometries

o Ue L(H,H)is said to be an isometry if ||Ux|| = || x| for all x € H.

o Ue L(H,H) is said to be a partial isometry if it is an isometry
when restricted to (ker U)*.

o Ue L(H,H) is a partial isometry if and only if U*U and UU* are
projections. In this case, U maps unitarily from its initial space
(ker U)* = ran(U*U) onto its final space ran U = ran(UU*).
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More on the essential spectrum

Theorem (Weyl'’s criterion)
Let A € L(H) be self-adjoint, A € R. Then

(@) X\ € o(A) if and only if there is a sequence {pn} C H such that
lonll = 1 for all n and (A — X)¢n — 0 inH,

(b) X € 0e(A) if and only if the sequence {n} in (a) can be chosen to
be orthogonal (equivalently, o, > 0).

Theorem (Weyl)
Let A € L(H) be self-adjoint and B € L(H) be compact. Then

oe(A) = 0e(A+ B).
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Compact operators, |

Lemma

For A € L(H,H'), the following conditions are equivalent:

(a) AB;(0) C H' is compact.

(b) A takes bounded sets in H to relatively compact sets in H'.

(c) A takes weakly convergent sequences in H to strongly convergent
sequences in H'.

In this case, A is said to be a compact operator. The set of all compact
operators will be denoted by K(#, ') and by K(#) in case H = H'.
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Compact operators, Il

Examples
(a) Finite-rank operators are compact.
(b) The identity ly; € L(H) is compact if and only if dim H < oo.

Proposition
(@) K(H,H') is norm closed in L(H,H').

(b) IfAc L(H,H'), K e K(H,H"), and B € L(H',H"), then
BKA € K(H, H").

(c) Every compact operator is the norm limit of a sequence of
finite-rank operators.

In particular, C(#) is a closed two-sided ideal in £(H).
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Riesz-Schauder theory

Theorem

Let K € IK(H). Theno(K) \ {0} consists of isolated eigenvalues of
finite multiplicity.

Corollary

Let K € K(#) be self-adjoint. Then H possesses an orthonormal basis
{¢n} consisting of eigenvectors of K, i.e., Kon = Anen for each n and
some A\, € R. Moreover, A\, — 0.
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